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This paper presents a new methodology for reactively scheduling nurses in light of shift-by-shift imbalances in supply and demand.
In most hospitals, the nursing staff is given a midterm schedule that specifies their work assignments for up to 6 weeks at a time.
However, emergencies, call-outs, and normal fluctuations in personnel requirements can play havoc with the schedule. As a result, it
is necessary to make short-term adjustments, either by reallocating resources when shortages exist or by cancelling assignments when
demand drops. The need to take into account individual preferences further complicates the process. The problem associated with
making the daily adjustments is formulated as an Integer Program (IP) and solved within a rolling horizon framework. The idea is to
consider 24 hours at a time, but to only implement the results for the first 8 hours. The IP is then re-solved for the next 24 hours after
several hours have elapsed and new data are available, and so on. Initial attempts to solve 50-nurse problems with a commercial code
proved to be unsuccessful and led to the development of a branch-and-price algorithm. Included in the algorithm are a feasibility
heuristic to find the upper bounds and a cut generation procedure to improve the lower bound computations. A set-covering-type
IP was used to find upper bounds and mixed-integer rounding cuts were used to tighten the relaxed feasible region. Although the
effectiveness of all but the set covering heuristic proved to be marginal, most problem instances with up to 200 nurses were solved within
10 minutes.

1. Introduction

The growing gap between the supply of nurses and the de-
mand for their services is one of the many factors bidding
up the cost of healthcare. In many countries, the situation
is now at the point where the rules for good practice are be-
ing stretched to their limits and patient care is in jeopardy
(Spratley et al., 2000). In response, hospital administra-
tors are forced to rely on more expensive solutions, such as
agency nurses and overtime, to meet their needs. The prob-
lem is exacerbated by the aging professional population, a
shrinking cohort of entry-level graduates, the changing na-
ture of the job, new life and work values, and a historical
sense of disenfranchisement of the nursing staff from the
decision-making process (Aiken et al., 2002; Kimball and
O’Neil, 2002).

As part of the effort to cope with personnel shortages,
many hospitals have adopted scheduling policies that give
increased weight to the preferences and requests of their
nursing staff, often at a considerable cost. The expectation
is that a more attractive work environment and increased
flexibility to deal with personal matters will lead to higher
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retention rates, and ultimately, to lower overall costs when
one takes into account required outlays of anywhere from
$30 000 to $50 000 to hire a nurse.

In the last two decades, most of the published research on
nurse scheduling has concentrated on rostering with the aim
of accommodating individual preferences. These take the
form of requests to work specific shifts or to be given specific
days off, and can be measured by various rules related to
the number of working hours, shift sequence patterns or
even nurse-to-patient ratios (see Cheang et al. (2003) for a
survey). Typically, nurses are asked to sign up for shifts prior
to the beginning of the planning horizon. At that time, they
may also submit a list of requests to the nurse manager who
decides which to approve immediately and which to defer
in light of expected demand. The outcome is a midterm
schedule for each nurse in the hospital.

Midterm scheduling fixes the work assignments for the
permanent nursing staff for up to 6 weeks at a time. Each
unit generates its own rosters independently using some
measure of “average” demand as input. In this paper, we
begin with the midterm schedule and address the prob-
lem of adjusting individual work assignments to account
for daily fluctuations in the patient population, absen-
teeism, and emergencies. Possible options include the use
of overtime, calling in nurses on their day off, using outside
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resources and pool nurses, or living with the shortages. The
problem is formulated as an integer program and solved
within a rolling horizon framework, once prior to the be-
ginning of each of three 8-hour shifts. Because only limited
instances could be solved with a commercial code, we de-
veloped a branch-and-price algorithm that was seen to find
good solutions to problems with up to 200 nurses in less
than an hour, and in most cases, within a few minutes. This
is extremely important in an operational environment that
may change in a moments notice.

In the next section, we describe the daily adjustment
problem and its complexity. The presentation is based on
our experience at several medium-sized hospitals in the US
but offers as much generalization as possible. In Section 3,
we present the mathematical model for the problem. This
is followed in Section 4 with a discussion of the solution
methodology. Computational results for problem instances
with up to 200 nurses working in 14 units are highlighted in
Section 5. We close with some remarks on implementation
and the effectiveness of the approach.

2. Problem statement

The dynamic nature of the demand for nursing services,
coupled with sick leave, personal days, and emergencies, re-
quires that the planned midterm schedule, developed for
a month at a time, be adjusted on a shift-by-shift basis.
It is either not permitted or extremely undesirable to alter
a nurse’s midterm schedule without his or her consent. Al-
though this restriction limits the potential cost savings in the
short run, it promotes normalcy and stability over time. In
most hospitals, the rescheduling is performed throughout
the day a few hours before the start of each of three standard
8-hour shifts: day (D = 7:00 a.m.–3:00 p.m.), evening (E =
3:00 p.m.–11:00 p.m.), night (N = 11:00 p.m.–7:00 a.m.).

To enable the process, patient acuity and census data
are entered periodically into the hospital’s management in-
formation system. The principal information includes pro-
jected admissions, discharges, and transfers. Also recorded
or tracked are the available nurses (on call, pre-approved
part-timers, casuals, floaters, agency options), those who
are not to be called (no call list) and those who are absent
(no show list). The sum of this information comprises the
“shift view” of the situation. To make the staffing decisions
as the day unfolds, it is necessary to have a “24-hour shift
view” of each unit.

In forecasting demand, a major difficulty lies not only
in determining the number of patients for whom care must
be provided, but the level of care that will be required by
each; i.e., the acuity of care. Siferd and Benton (1994) rep-
resented the number of nurses needed during a shift as a
multiplicative model that takes into account mean patient
acuity, number of patients, and the mean rate of change in
acuities. Using simulation, they showed that the stochastic
interplay of these factors can cause wide swings in coverage

requirements for subsequent shifts. In practice, however,
demand is derived primarily from productivity data.

2.1. Roles and responsibilities

There are several levels of authority and responsibility
within a hospital with respect to personnel scheduling. At
the unit level, the nurse manager, clinical manager, or nurse
in charge keeps track of the current situation and assesses
whether the level of coverage is too low, appropriate, or too
high for the number of patients and their acuity. When more
nursing resources are available in a unit than are needed for
a particular shift, the nurse manager has several options.
Beginning with the least senior staff member, the first is to
request a reassignment to another unit. If the nurse in ques-
tion is not willing to float and is not contractually obligated
to do so, her shift is cancelled and her supervisor notified.
Generally speaking, nurses would rather be cancelled than
floated, although individual preferences may be overridden
when the need is critical. If a nurse is cancelled, then one of
the following designations is used for the time off: vacation,
personal day, holiday, or unpaid leave. Each has different
cost consequences. This information is reported to the nurs-
ing resources director who is provided with worksheets that
are updated by shift and show who is scheduled for duty in
each of the units in their clinical areas.

In general, the nursing resources director in the hospi-
tal is responsible for ensuring that all units are covered. At
his or her control are the float pool and other external re-
sources. The monthly schedules for the outside nurses and
internal float pool nurses are readily available to nursing
services. The latter are provided by the float pool managers
for critical care. Specific unit assignments are not made at
this point, but are left to the supervisors as the daily demand
comes into focus.

The daily rescheduling problem falls into the area of dis-
ruption management (Bard et al., 2001; Clausen et al., 2001).
It is standard procedure for organizations to make midterm
and long-term plans to fix permanent resources and develop
an operating plan. Once the plan is implemented, however,
demand fluctuations, absenteeism, equipment failures, and
other unforeseen events call for periodic realignment. The
goal of rescheduling is to reallocate the available resources
in a way that minimizes the cost of the disruption. In do-
ing so, it is important to minimize the differences between
the new plan and the original plan. In the hospital envi-
ronment, this often leads to conflict because the optimal
course of action may impose undesirable schedules on the
permanent staff, such as excessive overtime and long work
stretches.

2.2. Daily adjustments

When a unit is short of staff, a number of corrective steps
can be taken. Similarly, each has different cost conse-
quences, although in most hospitals, cost is not foremost
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on the minds of those directly responsible for a unit. Their
primary concern is meeting demand, especially in critical
situations. With this in mind, the order of action is typically:

1. Look for a volunteer in the unit to work the next shift
(or fraction thereof) as overtime.

2. Try to reach unit staff who are not scheduled to work
during the next 24 hours (casual and per diem nurses).

3. Find floaters from other units that might be overstaffed
or draw on the float pool.

4. Cycle through the on-call list (used mostly in
emergencies).

5. Have the nursing resources director call in agency nurses.
6. Cancel nurses whenever necessary.
7. Invoke mandatory overtime by requesting that a nurse

on the current shift stay for the next shift. This is done in
reverse order of seniority on a rotating basis so the most
junior nurse is not necessarily singled out.

Several caveats and qualifications exist for each of these
options. For example, when assigning either voluntary or
mandatory overtime, there is a distinct possibility that the
nurse will call in sick another day during the pay period.
Although she will not be paid overtime if her total hours
do not exceed 80 in the 14-day period, there are no negative
consequences. In effect, she works overtime in exchange for
a day off. A similar situation arises in practice when a nurse
is called in on her day off to work a shift that is separated
from her upcoming shift by only 8 hours (e.g., evening →
day). In this case, she is likely to call in sick for the day
shift so little has been gained. This is called double back
and should be avoided.

The first two options fall within the purview of the unit
manager and are not included in our model. Instead, we
focus on the hospital-wide problem of optimally allocating
floaters, on-call nurses, and agency nurses. This problem
must be solved at least three times per day, and falls within
the purview of the nursing resources director.

3. Mathematical model

The majority of rules and constraints that govern the daily
adjustment problem for nurses have been mentioned above.
The complete set may vary among hospitals but generally
reflects institutional policies, union agreements, state or fed-
eral statutes, and financial considerations. The overall goal
is to satisfy coverage requirements at a minimum cost while
taking into account nurse preferences, morale, the need for
the perception of fairness, and the expected response of staff
members whose work patterns are affected. In light of these
considerations, the problem is formulated as an integer lin-
ear program for a predetermined planning horizon of, say,
24 hours, or three shifts, and solved using a rolling horizon
strategy. That is, solutions are obtained for the three upcom-
ing shifts (say, D, E, N) and the results are implemented for
at least the first shift (D) and perhaps for all three shifts

(E, N as well). Then, within two or three hours of the next
shift (E), the problem is re-solved for the next three shifts
(E, N, D), and so on. It is a simple matter to include 12-hour
shifts in the model as long as their start times coincide with
one of the 8-hour shifts. We denote them by AM (typically
7:00 a.m.–7:00 p.m.) and PM (7:00 p.m.–7:00 a.m.).

In formulating the model, it is assumed that all cancella-
tion and overtime costs are known, that demand is given or
can be estimated accurately for each of the three shifts in the
planning horizon, and that the status of all unit nurses, pool
nurses, casuals, and agency nurses is known. This means
that the nurse managers, the supervisors, and the nursing
resources director all have up-to-date information on call
outs, shortages, surpluses, floaters, and pool nurses.

The model is designed to reflect the point of view of the
hospital and is intended for use by the nursing services office
rather than the unit managers. Prior to running the model,
the unit managers are expected to evaluate their current
staffing needs and take whatever action is necessary and
permitted. If a staffing shortage is in view, then they will ei-
ther ask one or more of their nurses currently on the floor to
work overtime, or try to reach casual or per diem nurses with
whom they have a last minute arrangement. As mentioned,
these decisions are not included in the model; however, if a
nurse is not needed in her home unit and is willing to float
before, during or after a regularly scheduled shift, then this
option is included. As such, all overtime is considered to
be voluntary. If shortages still exist after the model is run,
the nursing services office may impose mandatory overtime,
depending on the specific policies of the hospital.

The following notation is used in the developments. A
shift can be either 8 or 12 hours and all periods are 4 hours.

Indices

i = nurses;
j = units; j1 and j2 are two different units;
p = periods; p1 = period immediately preceding the shift

assignment in the midterm schedule; p2 = period
immediately following the shift assignment in the
midterm schedule.

Sets

J = units under consideration;
T = time periods in planning horizon (6 periods =

1 day);
J(i) = units in which nurse i is qualified to work;
F(i) = units to which nurse i can float;
S = shifts in planning horizon (D, E, N, AM, PM for

one day);
T(i) = periods assigned to nurse i in the midterm schedule

(regular time);
T̄(i) = (4-hour) overtime periods that nurse i is allowed to

work (other than assigned periods); T̄(i) ∪ T(i) ⊆
T ;
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R = regular nurses who can float, work overtime, or
both;

P = pool nurses.

Input data

c1
ijp = cost of assigning nurse i to unit j in period p

(value depends on the type of assignment: either
regular time or overtime; the type of nurse: reg-
ular and pool nurse; the working location: home
unit or float unit)

c2
i = cost of cancelling nurse i;

c3
jp = cost of assigning an on-call nurse to unit j during

period p;
c4

jp = cost of assigning an agency nurse to unit j during
period p;

Djp = incremental number of nurses required in unit
j during period p (+ means shortage, − means
surplus);

M = large penalty coefficient;
p1

i = penalty for floating nurse i to another unit;
p2

i = penalty for unproductive assignment (cancella-
tion) of nurse i;

p3
i = penalty for assigning nurse i a split shift;

p4 = penalty for an on-call assignment;
Pmax = maximum number of total undesirable patterns

allowed;
OTmax

i = maximum number of overtime periods that nurse
i can work;

Omax
jp = maximum number of on-call nurses available for

unit j during period p;
Zmax

jp = maximum number of agency nurses available for
unit j during period p.

Decision variables

xijp = (binary) 1 if nurse i (regular or pool) is assigned to
unit j in period p; 0 otherwise;

zjp = number of agency nurses assigned to unit j in period
p;

ojp = number of on-call nurses assigned to unit j in period
p;

vi = (binary) 1 if (either regular or pool) nurse i is as-
signed to a certain shift in the midterm schedule
but is not needed (shift is cancelled);

bip = (binary) 1 if nurse i is given a split assignment (reg-
ular or overtime) for a shift starting in period p; 0
otherwise (a 12-hour shift to be split between two
or three units);

gjp = number of gaps (shortages) in unit j during period
p.

These parameter and variable definitions imply certain
additional assumptions. The first is that we are dealing with
several categories of nurses. Unit nurses, pool nurses, and
agency nurses are all included in the midterm schedule, but

not all are identified by name. In particular, we only know
how many agency nurses have been scheduled for each shift
in each unit, and how many on-call nurses are available
by period and unit. Because there are upper bounds on
these two categories of nurses (denoted by Zmax

jp and Omax
jp ,

respectively), gaps or shortages may still exist in the derived
schedule. The gjp variables are used to account for unmet
demand.

3.1. Formulation

The zero-one integer programming model for a fixed plan-
ning horizon and a single skill type is as follows.

Minimize
∑

i∈R∪P

∑
j∈j(i)

∑
p∈T(i)∪T̄(i)

c1
ijpxijp +

∑
i∈R∪P

c2
i vi

+
∑
j∈J

∑
p∈T

c3
jpojp +

∑
j∈J

∑
p∈T

c4
jpzjp + M

∑
j∈J

∑
p∈T

gjp, (1a)

subject to∑
i∈R∪P

∑
p∈T(i)∪T̄(i)

xijp + zjp + ojp + gjp ≥ Djp,

∀j ∈ J, ∀p ∈ T, (1b)∑
j∈F(i)

xijp + vi = 1, ∀p ∈ T(i), ∀i ∈ R ∪ P, (1c)

∑
j∈J(i)

xijp + vi ≤ 1, ∀p ∈ T̄(i), ∀i ∈ R, (1d)

xij1p + xij2p+1 − bip ≤ 1, ∀p ∈ T(i) ∪ T̄(i),
∀j1 
= j2 ∈ J(i), ∀i ∈ R ∪ P; (1e)∑

j∈J(i)

xij,p+1 ≥
∑
j∈J(i)

xijp, p = 1, . . . , p1 − 1,

∀i ∈ R ∪ P, (1f)∑
j∈J(i)

xijp ≥
∑
j∈J(i)

xij,p+1, p = p2, . . . , |T | − 1,

∀i ∈ R ∪ P, (1g)∑
j∈J(i)

∑
p∈T̄(i)

xijp ≤ OTmax
i , ∀i ∈ R ∪ P, (1h)

∑
i∈R

∑
j∈F(i)

∑
p∈T(i)

p1
i xijp +

∑
i∈R∪P

p2
i vi +

∑
i∈R∪P

∑
p∈T(i)∪T̄(i)

p3
i bip

+
∑
j∈J

∑
p∈T

p4ojp ≤ Pmax, (1i)

xijp ∈ {0, 1}∀i, j, p, bip ∈ {0, 1}∀i, p, 0 ≤ zjp

≤ Zmax
jp and integer ∀j, p, 0 ≤ ojp ≤ Omax

jp ,

gjp ≥ 0 and integer ∀j, p, ui, vi ∈ {0, 1}, ∀i. (1j)

The objective function (1a) sums the costs of each al-
ternative available for handling shortages. The first term
represents the cost of assigning nurse i to unit j in period
p. The value of the coefficient c1

ijp may differ by period and
nurse depending on the wage rate, the type of overtime if
relevant, and whether a regular nurse or pool nurse is being
considered. Some hospitals also pay a differential when a
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regular nurse is floated from his or her home unit. The sec-
ond, third, and fourth terms are self-explanatory. The fifth
term penalizes undercoverage when insufficient internal or
external resources are available. The value of the coefficient
M is set to be greater than max {c4

jp : j ∈ J, p ∈ T}.
Constraint (1b) tries to ensure that all demand is met

in every unit j ∈ J during each period p ∈ T in the plan-
ning horizon. The cost structure in Equation (1a) guar-
antees that all options will be considered before a gap is
reported. Instead of using shifts as the time unit, the con-
straint is written in terms of periods. This representation
is best whenever two shift-types overlap, which is the case
when 8- and 12-hour shifts are included in the model. When
Djp = 0, no action is necessary; when Djp < 0, there is over-
coverage in unit j so one or more nurses in that unit may
be floated or cancelled. When Djp > 0, the shortage can be
made up by the various options. Because each shift cov-
ers several periods, however, the option to float a nurse is
only feasible when all periods covered by her shift are in
surplus.

Constraint (1c) restricts the units to which nurse i can
float to the set F(i) which is determined by her qualifica-
tions and preferences. It is only relevant for regular or pool
nurses whose home units have excess coverage in period
p. Cancellation is the complementary option and is rep-
resented by the variable vi. Constraint (1d) is similar to
Constraint (1c), except that it addresses the overtime pe-
riods. Although both constraints limit the assignment of
nurse i to at most one unit in period p, the presence of the
cancellation variable vi has different implications for either
constraint. In Constraint (1c), if vi = 0, then nurse i will
be floated during her regularly scheduled shift; in Equation
(1d), if vi = 0, then nurse i may be floated in an overtime
period. However, if vi = 1, then nurse i’s regular shift is can-
celled without the possibility of overtime. The presence of
vi in Constraint (1d) implicitly prohibits the assignment of
overtime without a regular assignment for regular nurses
who either float or work overtime.

Care is needed in establishing Constraint (1c). Because
pool nurses do not have home units, when i ∈ P, the index j
is summed over all possible units for nurse i so F(i) = J(i).
In contrast, when i ∈ R and Constraint (1c) is operative,
nurse i is eligible to float so the index j is summed over the set
F(i). Pool nurses are not given overtime so Constraint (1d)
can be dropped for that category. With regard to regular
nurses, several assignments are possible. When a regular
nurse is not needed in her home unit, for example, she may
be floated or cancelled. If floated, she may work voluntary
overtime in another unit. (Recall that voluntary overtime
in the home unit is not included in the model.)

Constraint (1e) is used to track the occurrence of split
shifts. In particular, the binary variable bip = 1 whenever
regular or pool nurse i is assigned to two different units
in two consecutive periods, the first being period p. The
indices j1 and j2 indicate the different units. Split shifts are
undesirable and are penalized in Constraint (1e). Note that

it is possible for a 12-hour shift to be split into two or three
parts with appropriate penalty.

Constraints (1f) and (1g) ensure that when a nurse works
overtime her schedule consists of consecutive periods. A
nonconsecutive assignment might be a regular shift fol-
lowed by an off period, followed by an overtime period.
The presence of the cancellation variable vi in Constraint
(1c) automatically prohibits a nonconsecutive assignment
during a regular shift; however, the fact that Constraint (1d)
is an inequality does not rule out this phenomenon when
overtime is included.

The first inequality, Constraint (1f), ensures that over-
time assignments are nondecreasing from the first period
of the planning horizon up through p1, the last period just
before the regular shift. The second inequality, Constraint
(1g), ensures that the overtime assignments are nonincreas-
ing from the first period p2 after a regular shift through the
end of the planning horizon |T |. For example, if three pe-
riods follow a regular shift, these constraints rule out the
possibility of a nurse working the first and third periods as
overtime with the second period being off. For a nurse that
may be called in on her day off, we set p1 = |T | in Con-
straint (1f), and omit Constraint (1g). In practice, it may
be necessary to shorten the range of p in either constraint
to account for work stretches immediately preceding and
following the current planning horizon.

Labor laws and organizational polices limit the number
of hours per day an employee can work. Depending on
the length of the regular shift that nurse i is scheduled to
work during the planning horizon, the maximum number
of overtime periods that can be assigned to her is denoted
by OTmax

i . Constraint (1h) enforces this provision.
Constraint (1i) is designed to account for preference vi-

olations in the adjusted schedule. The intent is to limit the
total number of undesirable patterns to no more than Pmax,
a user-supplied parameter, as well as discourage the use
of on-call nurses (fourth term on the left). Three different
types of undesirable patterns are considered in the model: (i)
floating a regular nurse from her home unit during a regular
or overtime shift; (ii) cancelling a nurse; and (iii) splitting
a shift. Finally, Constraint (1j) specifies the domain of the
decision variables, including upper bounds on the number
of agency and on-call nurses.

4. Solution methodology

The number of variables in model (1) is O(|R ∪ P| × |J| ×
|T |) so the complexity of the Integer Program (IP) grows
exponentially with each of these parameters. Initial test-
ing showed that 20-nurse instances could be solved in a
few seconds with CPLEX 7.1. However, instances with 40
or more nurses failed to converge to within 1% of the LP
lower bound after several hours of computations. A major
source of difficulty was seen to come from the constraints
in Equation (1e), which number O(|R ∪ P| × |J| × |T |) and
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hence grow quadratically with the average number of units
in which a nurse is eligible to work. To improve perfor-
mance, we developed a branch-and-price (B&P) algorithm
based on an alternate formulation of the problem.

4.1. Column-oriented model for daily rescheduling

Model (1) is constraint oriented, which means that there is
typically one set of constraints for each restriction, rule, and
logical relationship in the problem and one decision variable
for each possible course of action. The principal decision
variables, xijp, assign a nurse to a unit during a period. As
an alternative, we now present a column-oriented model in
which the decision variables represent full schedules for the
planning horizon (Barnhart et al., 1998; Vanderbeck and
Wolsey, 1996). Such models closely resemble set covering
formulations and require the enumeration of all possible
assignments, at least implicitly. The objective is to select
one assignment for each nurse so that the total cost is min-
imized.

Some additional notation is needed to describe the
column-oriented version of Equations (1a)–(1j).

k = index for alternative schedules;
N = set of nurses to be scheduled; N = R ∪ P;
K(i) = set of alternative schedules for nurse i;
cik = cost of assigning schedule k to nurse i (this value is

a function of the number of regular hours assigned,
the number of overtime hours assigned, or whether
the nurse is cancelled);

pik = penalty coefficient associated with schedule k for
nurse i;

Xk
ijp = parameter equal to 1 if schedule k for nurse i covers

period p on unit j, 0 otherwise;
yik = binary decision variable equal to 1 if nurse i is given

schedule k; 0 otherwise.

We can now write the problem as:

Minimize
∑
i∈N

∑
k∈K(i)

cikyik +
∑
j∈J

∑
p∈T

c3
jpojp +

∑
j∈J

∑
p∈T

c4
jpzjp

+ M
∑
j∈J

∑
p∈T

gjp, (2a)

subject to∑
i∈N

∑
k∈K(i)

Xk
ijpyik + zjp + ojp + gjp ≥ Djp, ∀j ∈ J, p ∈ T,

(2b)∑
k∈K(i)

yik = 1, ∀i ∈ N, (2c)

∑
i∈N

∑
k∈K(i)

pikyik +
∑
j∈J

∑
p∈T

p4ojp ≤ Pmax (2d)

yik ∈ {0, 1}, ∀i ∈ N, k ∈ K(i), 0 ≤ zjp ≤ Zmax
jp ,

0 ≤ ojp ≤ Omax
jp , gjp ≥ 0 and integer, ∀j ∈ J, p ∈ T.

(2e)

In this model, pool nurses and regular nurses belong to
the same set N. The distinction between the two appears
as part of the input. A regular nurse has a home unit as
reflected in the midterm schedule, and is allowed to work
overtime. In contrast, pool nurses do not have a home unit
and are not given overtime. Their daily shift assignments
are part of the midterm schedule but their unit assignments
are generally not made until they report for work.

The objective function (2a) is designed to minimize the
total personnel costs. The first term sums the cost of each
alternative schedule k for nurse i,which is denoted by cik.
The value of this coefficient depends on the number of
working periods (regular or overtime) in the schedule as
well as the base wage. The remaining terms are identical
to the last three terms in the constraint-based objective
function (1a).

Constraint (2b) is similar to Constraint (1b) and requires
that the demand in unit j during each period p be cov-
ered whenever possible. The first term represents an as-
signment of a regular or pool nurse; the next two terms
represent alternative resources: agency nurses (zjp) and on-
call nurses (ojp); the last term is associated with a gap (gjp).
The parameter Xk

ijp is used to map the decision variable
yik into the appropriate unit and period assignment. The
set K(i) contains all “legal” schedules for nurse i as well
as the cancellation option. Each schedule in K(i) must
comply with all the rules embodied in Constraints (1c)–
(1h). The domain definitions in Constraint (2e) place up-
per bounds on the number of on-call and agency nurses
available in each unit. When gaps exist in a solution, the
decision to fill them with expensive or unpopular options
such as mandatory overtime is left to the nursing services
office.

Equation (2c) ensures that each nurse i ∈ N is given ex-
actly one schedule. It is written as an equality because the
cancellation option is included in the definition of K(i).
Constraint (1d) limits the total penalty of the adjusted as-
signments to the parameter value Pmax. The penalty for
schedule k associated with nurse i is given by pik. This
value is the sum of the penalties that result from undesir-
able patterns, as explained in the discussion of Constraint
(1g). For nurse i and schedule k ∈ K(i), it is computed as
follows:

pik =
∑

j∈F(i)

∑
p∈T(i)

p1
i xijp + p2

i vi +
∑

p∈T(i)∪T̄(i)

p3
i bip. (3)

The penalty associated with the use of on-call nurses is
treated separately and is represented by the second term on
the left-hand side of Equation (2d). Constraint (2e) indi-
cates that all variables are restricted to be integral.

4.2. Column generation

An upper bound on the total number of schedules or
columns for nurse i in model (2) is O(|J(i)||T(i)∪T̄(i)|). When
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a nurse is eligible, for example, to work in six units for up
to four periods a day, the bound is 64 = 1296. Because a
medium-sized hospital may have to schedule anywhere from
100 to 200 nurses at a time over a 24-hour planning hori-
zon, a more efficient procedure is needed than trying to
solve model (2) directly with all feasible columns. A com-
mon alternative is to use Dantzig-Wolfe (D-W) decompo-
sition with the necessary adjustments for integer variables
(Wolsey, 1998). In this approach, a master problem is cre-
ated from Equation (1a), (1b), (1g) and (1h) in our case, but
with only a subset of feasible columns, which we denote by
the set K̄(i). This gives rise to model (2) but with Constraint
(2b) replaced with:∑
i∈N

∑
k∈K̄(i)

Xk
ijpyik + zjp + ojp + gjp ≥ Djp, ∀j ∈ J, p ∈ T.

(3b)

4.2.1. Derivation of reduced costs
In the algorithm, additional columns are generated for each
nurse by solving a series of pricing subproblems at each it-
eration. Constraints (1c)–(1f) along with the binary vari-
ables xijp and vi define the feasible region for the subprob-
lems. Because these constraints decompose by i, there will
be one subproblem per nurse. The corresponding objec-
tive functions depend on the reduced costs associated with
the current master problem. To see how to construct these
functions, consider the relationship between cik and Xk

ijp in
model (2). The parameter Xk

ijp is equivalent either to a de-
cision that assigns nurse i to unit j in period p, which is
denoted as xijp, or cancelling nurse i, which is equivalent to
vi. So, for nurse i working schedule k, we have:

cik =
∑
j∈J(i)

∑
p∈T(i)

c1
ijpxijp + c2

i vi.

If the dual variables for Constraints (2b), (2c) and (2d)
are denoted by µjp, σ i and τ , respectively, then for each
nurse i, the reduced cost in the master problem for column
k is:

c̄ik = cik − πAik =
∑
j∈J(i)

∑
p∈T(i)∪T̄(i)

(
c1

ijp − µjp
)
xijp

+ c2
i vi − σi + τpik (4)

where π = (µ, σ, τ ), Aik is the ikth column of Constraints
(2b)–(2d), and the parameter pik is given by the right-hand
side of Equation (3).

At optimality, all reduced costs must be non-negative. To
check this condition, we implicitly evaluate all c̄ik by maxi-
mizing the right-hand side of Equation (4) over Constraints
(1c)–(1f) for each nurse i separately. If the result gives a neg-
ative objective value, the corresponding solution vector, call
it (xk

ijp, v
k
i ) ≡ (Xk

ijp), represents a new column to be added
to the master problems. For each nurse i, we solve:

Subproblem i:

Minimize
∑
j∈J(i)

∑
p∈T(i)∪T̄(i)

(
ck

ijp − µjp
)
xijp + c2

i vi

+ τ

( ∑
j∈F(i)

∑
p∈T(i)

p1
i xijp + p2

i vi +
∑

p∈T(i)∪T̄(i)

p3
i bip

)
− σi, (5a)

subject to∑
j∈F(i)

xijp + vi = 1, ∀p ∈ T(i), (5b)

∑
j∈J(i)

xijp + vi ≤ 1, ∀p ∈ T̄(i), (5c)

xij1p + xij2p+1 − bip ≤ 1, ∀p ∈ T(i) ∪ T̄(i),
∀j1 
= j2 ∈ J(i), (5d)∑

j∈J(i)

xij,p+1 ≥
∑
j∈J(i)

xijp, p = 1, . . . , p1 − 1, (5e)

∑
j∈J(i)

xijp ≥
∑
j∈J(i)

xij,p+1, p = p2, . . . , |T | − 1, (5f)

∑
j∈J(i)

∑
p∈T̄(i)

xijp ≤ OT max
i , (5g)

xijp ∈ {0, 1}, ∀j ∈ J(i), ∀p ∈ T(i) ∪ T̄(i),
vi ∈ {0, 1}, bip ∈ {0, 1}, (5h)

where the last term in the objective function (5a), is a
constant.

4.3. Overview of the B&P algorithm

The first step in applying the B&P algorithm is to set up
a restricted linear Master Problem (MP) with a subset of
all feasible schedules, K̄(i), and to remove the integral re-
strictions on the variables in Equation (2e). The restricted
MP is then solved. To check whether the LP solution ob-
tained is optimal to the full MP, the pricing subproblems of
Equations [(5a)–(5h) for i ∈ N] are solved sequentially. If
the objective function value, Equation (5a), of subproblem
i is less than zero, then the solution (xijp, vi) is converted to
a column of the form (Xk

ijp) in the MP and added to K̄(i).
The restricted MP is then re-solved with the updated sets
K̄(i), and the process is repeated until all columns price out
favorably. This is the D-W component of the algorithm.

At this point, if all of the decision variables
(yik, zjp, ojp, gjp) are integral, then we have solved the in-
tegral version of the full MP as well as the original problem
constituted by Equations (1a)–(1j). If any of these variables
are fractional, then it is necessary to apply a Branch-and-
Bound (B&B) algorithm the MP. Because the LP solved at
the root node does not necessarily contain the columns that
comprise the optimal solution to Equations (2a)–(2e) when
branching constraints are imposed, the pricing subprob-
lem of Equations (5a)–(5h) must be solved to determine
whether additional columns should be added to the MP at
each node of the B&B tree.
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Fig. 1. Flowchart of the B&P algorithm.

Figure 1 identifies the major components of the method-
ology. In the preprocessing step, three operations are per-
formed: (i) initial columns K̄(i) are generated for the re-
stricted MP; (ii) a restricted set covering problem is set up
to be used as a heuristic for finding feasible solutions; and
(iii) the data structures are initialized for the B&B tree and
the subproblems. The details are discussed in the remainder
of this section. How each step is implemented is critical to
the success of the overall approach.

In general, when one or more of the (yik, zjp, ojp, gjp) vari-
ables are fractional, branching is required. Because of the
known difficulties associated with branching on the yik vari-
ables in the MP, we first branch on the (zjp, ojp, gjp) variables
(master branching rule) and then on the subproblem vari-
ables (xijp, vi) (subproblem branching rule). A depth-first
search strategy is used to minimize the amount of data that
must be stored. At the root node and at every 10 nodes
thereafter, a heuristic is called to find a feasible solution ζν

(see Section 4.5). The incumbent, call it ζ̄ , is then updated
in the usual manner by putting ζ̄ ← min{ζ̄ , ζν}.

The algorithm terminates when either a prespecified node
limit is reached or the B&B tree is completely explored.
Assuming that neither of these termination criteria is sat-
isfied and node ν is selected for branching, the fractional
solutions in MPν are identified, and depending on the cir-
cumstances, one of several branching rules is selected (see
Section 4.4). Two descendent nodes, ν1 and ν2, are created,
and each is resolved using D-W decomposition. The fol-
lowing fathoming rules are applied to each:

1. MP is infeasible.
2. Within some tolerance, the LP solution is no better than

the incumbent.
3. Solution is integral.

Unfathomed nodes are placed in a stack. This facilitates the
implementation of depth-first search; i.e., last-in, first-out.

The principal attributes of the restricted MPν that are
stored at each node ν include the LP objective function
value, ζν , and the branching constraints imposed so far from
the root node to node ν. The former is used to determine
whether the node should be fathomed and how the search
will proceed otherwise. Storing branching constraints elim-
inates the need to maintain a backtracking data structure.
Note that all columns are held in a single location and when
MPν is solved, the bound data on the subproblem variables
at node ν are used to set the corresponding MP variables,
yik, to zero.

4.4. Branching rules

Applying standard B&B techniques to the restricted MP
alone after the LP solution is found is inappropriate be-
cause there may exist columns not in the MP that are in
the optimal solution to the original IP. Therefore, branch-
ing rules should be designed so that new columns can
be easily priced out and when appropriate, added to the
MP. This consideration makes it difficult to branch directly
on the yik variables. Although it is straightforward to im-
pose the restriction yik = 1 on subproblem i, imposing the
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complementary restriction yik = 0 is all but impossible
without major modifications to the subproblem at each it-
eration (Vanderbeck, 2000).

With this in mind, we have developed two alternative
branching procedures. The first addresses fractional yik val-
ues in the MP, but is implemented through the subproblem
variables (xijp, vi). This is a common approach and is dis-
cussed at length by Savelsbergh (1997) and Barnhart et al.
(1998). The second is associated with the “slack” variables
(zjp, ojp, gjp) in the master problems.

4.4.1. Subproblem branching
When the restricted MP solution for nurse i is fractional,
the logic of Constraint (2c) requires that at least two of the
yik variables be fractional. Because no columns in the MP
are identical for nurse i, the fractional variables represent al-
ternative assignments, say (Xk1

ijp) and (Xk2
ijp). This means that

in general nurse i has been assigned to two different units
j1 and j2 in at least one period, p, so two different variables
xij1p and xij2p, j1 
= j2, will be positive in either Constraint
(5b) or Constraint (5c). Rather than using the standard bi-
nary branching rule xijp = 0 on one branch and xijp = 1 on
the other, we have adopted an SOS type-I strategy in which
the variables in Constraints (5b) and (5c) are evenly divided
into two subsets; e.g., B(i) and F(i)\B(i) for Constraint (5b).
This leads to a more balanced tree.

In general, the subproblem rule chooses a pair of frac-
tional assignment variables yik from the MP and then iden-
tifies two corresponding subproblem variables xij1p and xij2p
that are fractional by implication in, say, Constraint (5b).
These are called the core variables. In our implementation
of SOS branching, we assign j1 ∈ B(i) and j2 ∈ F(i)\B(i),
and partition the feasible region as follows for p fixed:∑

j∈B(i)

xijp + vi = 0 and
∑

j∈F(i)\B(i)

xijp = 0 . (6)

The same partitioning scheme is applicable for Con-
straint (5c) but with one caveat. Constraint (5c), which lim-
its the overtime assignment to at most one unit in period
p, allows the possibility that only one core variable exists
at the current node in the B&B tree. This happens, for ex-
ample, when nurse i is assigned one period of overtime in
schedule (Xk1

ijp1
) and two periods in schedule (Xk2

ijp1
) both in

unit j ∈ J(i), as well as the same regular shift. In this case,
the branching strategy given in Equation (6) fails to parti-
tion the feasible region correctly. To see this, replace F(i)
with J(i) in Equation (6), and let xij1p1 = 0 in schedule k1
and xij1p1 = 1 in schedule k2 for j1 ∈ B(i). Now, because
there is only one core variable, imposing either constraint
in Equation (6) at a node in the B&B tree will not eliminate
schedule k1 in the MP as required for a complete parti-
tioning of the feasible region. To circumvent this difficulty,
when only one core variable can be found, we use stan-
dard binary branching on the variable; i.e., xij1p1 = 0 and
xij1p1 = 1.

A second issue that requires some discussion is the pres-
ence of the cancellation variable vi in Constraints (5b) and
(5c). Although this would seem to violate the principles of
SOS branching, the follow result states otherwise.

Lemma 1. The inclusion of the cancellation variable vi in both
Constraints (5b) and (5c) does not invalidate the use of SOS
branching.

Proof. It is sufficient to show that all feasible solutions to
problem (5) will be explored when SOS branching is used.
When vi = 0, nurse i must be assigned a regular shift and
may be assigned overtime. Standard SOS branching applies.
When vi = 1, nurse i is cancelled so there can be no regu-
lar or overtime assignments. These two cases allow for all
possible assignment for nurse i. �

Because cancelling a nurse greatly reduces the size of the
feasible region, we first check the cancellation columns in
the MP to see if any of them are fractional. This situation
arises most frequently when nurse i is working the current
shift and has volunteered for overtime, so Constraint (5b)
does not apply to her. In this special case, the cancellation
cost and penalty coefficients for nurse i are both zero. There-
fore, when vi is one of the core variables, the LP solution
associated with the left-hand side of Equation (6) will usu-
ally be much smaller than the solution associated with the
right-hand side which favors vi = 1. Often, the left-hand
node can be fathomed.

With subproblem branching, the MP and subproblems
can be modified simply by changing the bound of the as-
sociated variables. In subproblem i, this means setting the
branching variables in Equation (6) to zero in model (5).
The modification of the MP is based on the term (Xk

ijp)yik.
Fixing the branching constraint

∑
j∈B(i) xijp + vi = 0 for

some p and i, is equivalent to restricting columns in the MP
to only those that have vi = 0 and xijp = 0 for all j ∈ B(i).
This is enforced by fixing the upper bound of the corre-
sponding yik variables to zero.

Example 1. Supposed at a given node in the B&B tree, two
fractional MP variables, yik1 = 1

2 and yik2 = 1
2 , have been

identified for nurse i. Let F(i) = J(i) = {1, 2, 3, 4}. Using
a six-component vector to represent the six periods in a
day, let the assignments be (Xk1

ijp) = (100 100 1 1 2 2) and
(Xk2

ijp) = (100 100 1 1 3 100), where the 100 indicates no as-
signment in the corresponding period. If the three shifts
under consideration are D, E, N, then the first solution
means that nurse i is assigned to unit 1 for 8 hours dur-
ing E, followed by 8 hours of overtime in unit 2 during N.
The second solution also has her working in unit 1 dur-
ing E, but now her overtime is in unit 3 and is limited to
4 hours.

This situation gives rise to two branching possibilities,
the first associated with period 5 and the second with pe-
riod 6. When period 5 is selected, the SOS constraint,
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Constraint (5c), is xi15 + xi25 + xi35 + xi45 + vi ≤ 1 and the
core variables are xi25 and xi35. Arbitrarily partitioning
the remaining variables leads to the following constraints:
xi15 + xi25 + vi = 0 for the left-hand node and xi35 + xi45 =
0 for the right-hand node, where B(i) = {1, 2}. In addition,
all columns in which nurse i is assigned to work on units 1
or 2 during period 5 must be removed from the left-hand
node MP along with the cancellation column. Similarly, all
columns in which nurse i is assigned to work on units 3 or
4 during period 5 must be removed from right-hand node
of the MP.

When period 6 is selected, the SOS constraint is xi16 +
xi26 + xi36 + xi46 + vi ≤ 1 but now there is only one core
variable, xi26. As a consequence, standard branching must
be used. The subproblem associated with the left-hand node
has the restriction xi26 = 0, and all columns that assign
nurse i to unit 2 during period 6 must be removed from
the MP. The subproblem associated with the right-hand
node has the restriction xi26 = 1, implying that all columns
that do not assign nurse i to unit 2 during period 6 must be
removed from the MP.

The subproblem branching procedure can be summa-
rized as follows:

Step 1. Find the fractional cancellation variable closest to
0.5; call it yi1k1 . Then, for nurse i1 who is associated
with this variable, find the next closest variable to
0.5; call it yi1k2 . If no cancellation variables are frac-
tional, find the two fractional assignment variables
that are closest to 0.5, say yik1 and yik2 .

Step 2. Identify the core variables and the correspond-
ing branching constraint, either Constraint (5b) or
Constraint (5c). If only one core variable exists, go
to Step 4, otherwise go to Step 3.

Step 3. Assign one core variable to the set B(i) and the other
to F(i)\B(i). Arbitrarily assign the remaining vari-
ables in the branching constraint to one of these sets
as evenly as possible. Create two descendent nodes,
one for each constraint in Equation (6). Modify the
MP and subproblem accordingly.

Step 4. For the core variable xijp, create two descendent
nodes by imposing the restriction xijp = 0 on the
first and the restriction xijp = 1 on second. Make
the appropriate modifications to the MP and sub-
problem.

If there is a weakness in B&B methods, it is revealed when
symmetric solutions exist. In B&P, when several subprob-
lems are similar, eliminating a particular solution in one
does not eliminate its counterpart in the others (Barnhart
et al., 2000; Vanderbeck, 2000). As a result, little or no
change occurs in the MP objective function values as the
depth of the B&B tree increases. In the daily adjustment
problem, symmetry is evidenced most visibly when the same
period is repeatedly selected for branching. If nurse i1 is
excluded from working in some period as a result of the
branching decision, then she is likely to be replaced by nurse

i2 in that period when the two have similar profiles. Assum-
ing that their wage rates differ marginally, there will be little
or no change in the LP solution. The same fractional sched-
ules may result in two different levels in the B&B tree, with
the only difference being the actual nurses assigned to a
unit.

In the daily adjustment problem, symmetric solutions are
unavoidable because most demand periods can be covered
by a majority of the available nurses, most having simi-
lar or identical profiles. To reduce the effects of symmetry,
branching rules that are not based on the individual sub-
problems should be introduced. In our application, we con-
sider branching on the slack variables in the MP, as well as
the generation of cuts from the MP.

4.4.2. Master branching
Even when the yik variables are integral in a solution to
the restricted MP, the slack variables (zjp, ojp, gjp) in Con-
straint (2b′) may be fractional. This follows because the
on-call variables, ojp, are likely to be fractional when the
penalty constraint, Constraint (2d), is tight in an LP so-
lution. We have implemented two master branching rules
to take this situation into account. The first is called the
aggregate master rule and forces the sum of the slack vari-
ables that cover the same unit j ∈ J to be integral. The fol-
lowing two branching constraints are used to extend the
B&B tree to the next level:

∑
p∈P (zjp + ojp + gjp) ≤ �a� and∑

p∈P (zjp + ojp + gjp) ≥ �a�, where a is the (fractional) sum
of the slack variables at the current node for a given j.

The second is called the individual master rule and forces
the integrality of individual variables. Applying it to the on-
call variables, for example, gives the branches �ojp� ≤ a and
�ojp� ≥ a. Our empirical results indicate that the individual
master rule should be used only when it is no longer possible
to apply the aggregate master rule.

These rules provide several advantages for the B&P algo-
rithm. First, they are easy to implement and second, they do
not affect the pricing subproblems. Because the slack vari-
ables appear only in the restricted MP, the dual variables as-
sociated with the master branching constraints play no part
in the modification of the subproblem objective functions.
Finally, these rules target a particular covering constraint
in Equation (2b′) rather than a particular nurse. Because
these constraints (as well as the on-call variables) apply to
multiple nurses, the symmetry effect is eliminated.

4.4.3. Implementation
Initial testing suggested the following order for branching:
(i) aggregate master rule; (ii) individual master rule; and
(iii) subproblem rule. Applying the master rules first, forces
integrality of the slack variables in Constraint (2b′) and re-
duces the chances that the same constraints are repeatedly
selected during subproblem branching. Empirically, this led
to smaller search trees and more diverse feasible solutions
when the heuristics were applied. Also, because the cost
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coefficients of the slack variables are much larger than the
cost coefficients of column variables, yik, the lower bounds
increased rapidly as the tree was extended. This increased
the likelihood that the corresponding nodes would be fath-
omed.

By using depth-first search and giving priority to master
branching, fractional solutions at a parent node are notice-
ably different than the LP solutions at subsequent nodes. As
a consequence, the feasible solutions found by our heuristic
are noticeably different as well, providing the diversification
necessary to broadly explore the feasible region.

4.5. Set covering heuristic

The ability to find high-quality feasible solutions is
crucial to the successful implementation of the B&P al-
gorithm. If the algorithm should terminate before the
convergence criteria are met, at least a feasible solution is
available. Moreover, good feasible solutions facilitate fath-
oming by bounds, thus reducing the size of the B&B tree.
As a rule, complementary heuristics should have short com-
putation times and make use of the fractional solution at
a node. We have developed two heuristics for the daily ad-
justment problem, the first a tabu search algorithm and the
second a restricted set covering IP. The discussion here is
limited to the latter due to its superior performance. For
a description of the tabu search algorithm, see Purnomo
(2005).

The set covering heuristic is based on the observation that
when the D-W procedure terminates with an LP solution
to problem (2), if a subset of the columns contained in the
restricted MP correspond to the optimal solution of the
daily adjustment problem, then solving the restricted MP
as an IP will yield the solution to the original problem (1).
If some but not all of the columns are in the optimal set,
then solving the restricted MP as an IP may still yield a
good feasible solution to problem (1).

With this in mind, we found it advantageous to initialize
model (2) with a set of “good” columns. After solving sev-
eral restricted MPs starting with the slack variables only, we
observed, not surprisingly, that most columns in an optimal
basis had low cost and penalty coefficients. We also noticed
that columns in which nurses were assigned to more than
two units had high cost and penalty coefficients. Therefore,
we define “good” columns for nurse i as those in which
she is assigned to the same unit during her regular 8-hour
shift but can work overtime in any unit j ∈ J(i). However, if
two contiguous periods of overtime are assigned, then they
must both be in the same unit. Assuming that periods 3
and 4 correspond to the regular shift which is to be worked
in unit j1, this definition allows schedules of the following
form: (0, 0, j1, j1, 0, 0), (0, j, j1, j1, 0, 0), (0, 0, j1, j1,j, 0),
(j, j, j1, j1, 0, 0), (0, 0, j1, j1, j, j), (0, j2, j1, j1, j3, 0) for j ∈
J. For a problem with 70 nurses, the total number of good
columns can grow to 8 000 depending on the nurse profiles
considered.

Set Covering Algorithm

Input: Set of available nurses (N̂ ⊆ N), solution of the MP
{ŷik : ∀i ∈ N̂, k ∈ K(i)}, demand over the plan-
ning horizon by unit {Djp : ∀j ∈ J, p ∈ T}, incum-
bent (σinc, ζ̄ inc), where σ(i) = (j1(i), . . . , j|T |(i)) is
a |T |-component vector that represents a schedule
for nurse i over the planning horizon.

Output: Improved solution, σinc = {σ(i)inc : ∀i ∈ N̂} and
Step 0. (Initialization.) Set Nu = ∅ (unscheduled nurses)

and Ns = ∅ (scheduled nurses). If at root node,
generate “good” schedule for all nurses and build
the restricted Set covering (SC) problem (2a)–(2e);
otherwise, use existing columns.

Step 1. (Fix schedules of some nurses.) For all i ∈ N̂ and
k ∈ K(i). If (ŷik > 0.99 for i = î and k = k̂), then
select schedule k̂ and put:

Ns ← Ns ∪ {î}
σ(i)feas ← {

Xk̂
îjp : ∀j ∈ J, p ∈ T

}
Djp ← Djp − Xk̂

ijp, ∀j ∈ J, p ∈ T
Pmax ← Pmax − pik̂

Else, put Nu ← Nu∪{î}.
Step 2. (Remove scheduled nurses.) For all i ∈ Ns, set the

right-hand side of the SOS constraint, Constraint
(2c), to zero.

Step 3. Solve updated version of problem (2a)–(2e) as an
IP to get (y∗

ik∗)∀i ∈ Nu and objective function value
ζ̄ ∗. Put σ(i)feas ← {Xk∗

ijp , ∀j ∈ j, p ∈ T}∀i ∈ Nu.
Step 4. If (ζ̄ ∗ < ζ̄ inc), then put ζ̄ inc ← ζ̄ ∗ and σ(i)inc ←

σ(i)feas ∀ i ∈ N̂.

At the root node, the restricted SC problem (2a)–(2e) is
built with “good” columns and solved as an IP. No columns
are added at subsequent nodes, but some may be removed
as a result of branching restrictions. As the computations
continue, after the restricted SC is solved, the columns as-
sociated with schedule variables yik > 0.99 are selected as
part of the solution and removed from the IP by setting the
right-hand side of Equation (2c) to zero.

4.6. Column management and cuts

A number of researchers have suggested that it may be
more efficient to try to generate several columns from each
subproblem (5a)–(5h) when checking for optimality, rather
than only the one that has the most negative reduced cost
(Barnhart et al., 1998). However, because we solve subprob-
lem (5a)–(5h) as an IP, it is not practical to try to identify
more than one column at a time. When we perturbed an op-
timal schedule by adding, removing or switching a unit as-
signment, we found that it was nearly impossible to obtain a
new schedule that had a negative reduced cost. Empirically,
we found that only a small fraction of feasible solutions
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priced out negatively. As a consequence, at most one col-
umn from a subproblem was added to the MP during the
pricing operation. However, once a column was added, it
was only removed when it violated a branching constraint.

The efficiency of implicit enumeration depends largely
on the ability to fathom nodes by bounds high in the tree.
Whereas heuristics help to reduce the upper bound in gen-
eral, the lower bound at a node is most often determined
by solving the corresponding LP. One way to improve the
lower bound is to incorporate strong valid inequalities in
the original formulation. This tightens the LP relaxation.
Unfortunately, there are no specialized valid inequalities
suitable for Constraints (2b)–(2d). Although the knapsack-
like structure of the penalty constraint of Equation (2d)
suggests that a generalized cover cut may be effective, we
could not find any such violations in our initial testing.
Instead, we investigated the use of Mixed-Integer Round-
ing (MIR) cuts, which were added to the restricted MP
after the LP solution was obtained. To obtain the new
bound, it was necessary to reoptimize MP with the D-W
procedure.

For the purpose of generating MIR cuts, we used the
penalty constraint of Equation (2d) only and treated the
on-call variables, ojp, as continuous. In simplified form, this
constraint is:

y + o ≤ b (7)

where y corresponds to the first summation on the left-
hand side of Equation (2d) and o corresponds to the sec-
ond summation. Note that if all the penalty coefficients pik
are integer, then y must be integral at optimality. Based
on Proposition 8.6 in Wolsey (1998), a valid inequality for
Equation (7) is y + (1 − f )o ≤ �b�, where f = b − �b�. Of
course, for this inequality to be useful, b must be fractional.
To create fractional right-hand side values, we serially di-
vide Equation (7) by the coefficients pik, starting with the
smallest and then round down all the coefficients of each
yik. For the trial coefficient pi∗k∗ , we get the cut:∑

i∈N

∑
k∈K(i)

⌊
pik

pi∗k∗

⌋
yik + (1 − f )

(
p4

pi∗k∗

)

×
∑
j∈J

∑
p∈T

ojp ≤
⌊

Pmax

pi∗k∗

⌋
, (8)

where

f = Pmax

pi∗k∗
−

⌊
Pmax

pi∗k∗

⌋
,

If Equation (8) is violated at the current LP solution
(ŷik, ôjp), it is added to the restricted MP.

After cycling through all possibilities, if at least one cut is
found, MP is reoptimized with the D-W procedure. In the
process, all that is necessary is to replace the pricing sub-
problem objective function coefficient τ in Equation (5a)
with τ + γ /pi∗k∗ , where γ is the dual variable associated
with constraint Equation (8).

Lemma 2. When an MIR cut is added to the restricted MP
constituted by Equations (2a)–(2e), the new solution will have
τ = 0 and the added cut will be binding.

Corollary 1. Let ζ MP be the solution to the restricted MP
before an MIR cut is added and let ζ MP

cut be the solution after
reoptimization. If the coefficient γ /pi∗k∗ derived from the dual
variable associated with the cut is not included in the objective
function of the pricing problem when the D-W procedure is
applied, then the new solution is the same as the old; that is,
ζ MP = ζ MP

cut .

Proof. When a cut is added to the restricted MP, say of
the form given by Equation (8), all columns in the LP are
augmented by one component. When reoptimization be-
gins, the objective function will initially increase because
the current solution is no longer feasible. However, the D-
W procedure will reintroduce all columns in the original
optimal basis of the restricted MP that were modified when
Equation (8) was added. In particular, those columns with
a nonzero entry in Equation (8) that were in the original
optimal basis will price out negatively because the coef-
ficient γ /pi∗k∗ is not included in objection function (5a).
The additional basic column, needed because of the ad-
ditional row, will be identified when feasibility is first at-
tained. At optimality, the corresponding basic variable will
be zero so the original solution will be feasible, giving ζ MP =
ζ MP

cut . �

5. Computational experiments

The column generation approach was implemented in
Visual C++ and linked to the CPLEX 7.1 callable libraries
which were used to solve the LP MP constituted by Equa-
tion (2a)–(2e) and the IP subproblems (5a)–(5h). All com-
putations were performed on a 1.1 GHz PC.

To test the methodology, five “difficult” problem sets
were created based on operational data obtained from sev-
eral US hospitals. Table 1 identifies the parameter settings
for these instances, which are divided into five groups rang-
ing in size from 20 to 200 nurses. Column 2 indicates the
total number of nurses and column 3 gives a breakdown by
type (X1 − X2 − X3 − X4), where X1 = number of nurses
who can be floated during their regular shift and who are
available for overtime, X2 = number of nurses who only
float, X3 = number of nurses who are available for over-
time but do not float during their regular shift, and X4 =
pool nurses. The number of units in which a nurse is qual-
ified to work, |F(i)| or |J(i)|, was randomly determined by
sampling from a uniform distribution, U(3,7). The average
number of units is given in column 4. For problems 1–10,
a total of 10 units was considered; for problems 11–25 we
increased this number to 14.

The remaining input characteristics given in Table 1
are the supply-demand relationship and the maximum
penalty value, Pmax. For the 24-hour planning horizon, the
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Table 1. Summary of the problem instance characteristics

Average Excess Maximum
Problem no. Total no. of nurses Composition of nurse types units per nurse supply (hours) Demand (hours) penalty

1 20 10-0-0-10 4.30 244 204 80
2 20 5-5-0-10 4.30 204 184 80
3 20 5-5-5-5 4.55 196 184 70
4 20 10-5-0-5 4.55 236 236 80
5 20 10-5-0-5 4.55 236 184 80
6 50 10-10-20-10 4.56 456 588 250
7 50 20-15-10-5 4.56 544 588 275
8 50 30-0-0-20 4.56 628 568 225
9 50 30-0-0-20 4.56 628 588 225

10 50 10-10-20-10 4.35 456 568 225
11 80 25-10-25-20 5.11 1376 860 250
12 80 25-10-25-20 5.11 1376 672 215
13 80 30-0-25-25 4.86 1200 624 200
14 80 20-20-20-20 4.86 1536 720 300
15 80 20-20-20-20 4.86 1536 780 300
16 150 30-30-60-30 4.23 1352 860 185
17 150 25-25-80-20 4.23 1296 628 300
18 150 40-10-60-40 4.23 1472 892 285
19 150 25-25-80-20 4.23 1296 892 250
20 150 30-30-60-30 4.23 1352 904 220
21 200 30-30-110-30 4.07 1656 860 151
22 200 50-25-75-50 4.11 1948 936 275
23 200 20-20-60-100 4.29 1844 1032 245
24 200 30-30-110-30 4.07 1656 936 150
25 200 50-50-50-50 4.12 2020 1428 500

“excess supply” in column 5 indicates the maximum pos-
sible working hours for all nurses, as determined by their
profiles. Some nurses are only available during their regu-
lar shift and others only for overtime. In addition, a nurse
cannot be scheduled for more than 16 hours a day. The
“demand” in column 6 identifies the extent of undercov-
erage in the hospital. This requirement is satisfied from a
combination of internal and external resources, or is rep-
resented by a “gap” in the solution. Internal resources
include floaters, overtime, and pool nurses, whereas ex-
ternal resources include agency and on-call nurses. The
fact that supply exceeds demand in all problem instances
simply indicates that there is a mismatch between the
two.

The total penalty in the last column of Table 1 deter-
mines the tightness of Constraint (2d). When this constraint
is tight in an LP solution, many of the yik and ojp variables
are fractional, thus making the original IP more difficult to
solve. Before fixing Pmax, we first solved between five and
10 instances in each of the five groups cases and selected
the values that led to the most difficult problems. The other
penalty coefficients used in Constraint (2d) are listed in
Table 2.

In addition to the tightness of Constraint (2d) and the
number of nurses under consideration, there are two other
input factors that make a problem difficult. The first is the
proportion of assignment types given in column 3 of Table 1.

In general, the more periods that a nurse may be scheduled,
the larger the feasibility region of the associated subproblem
(5a)–(5h) and hence the more difficult it is to solve. Nurses
who float and are available for overtime may be assigned
between two to four periods, whereas nurses who are only
available for overtime may be assigned either one or two
periods.

The second factor is the number of units to which a nurse
may be assigned. This value determines the cardinality of
F(i) and J(i), and hence the number of xijp variables in
subproblem i. Taken together, these two factors give an
upper bound on the total number of possible schedules for
a nurse. For example, a nurse who can work in any of five
units in four different periods has 54 = 625 possibilities that
must be considered.

Implementation: Preliminary testing of the B&P algorithm
suggested that several components be eliminated. The first
was the tabu search heuristic, which gave disappointing

Table 2. Penalty settings

Source of violation Penalty

Floating a regular nurse from home unit for 4 hours, p1
i 3

Cancelling a nurse, p2
i 3

Splitting a shift during consecutive working hours, p3
i 8

Using an on-call nurse, p4 14



602 Bard and Purnomo

results. For an 80-nurse problem, for example, it took 45
seconds to perform 50 iterations, whereas the D-W proce-
dure took only 6 seconds on average to solve the restricted
MP at each node in the search tree. Moreover, tabu search
converged slowly and rarely found a feasible solution that
was more than 1% below the incumbent. In B&P, the level
of effort required for such small gains cannot be justified.
Therefore, we only used the set covering heuristic for the
upper bound computations. It was run at every five nodes
for up to 30 seconds, but rarely reached this limit. At the
root node, the resultant optimality gap was always within
7% and usually much less.

A second component that we eliminated was cut gener-
ation. Adding cuts improved the LP bound initially, but
when the restricted MP was reoptimized, the new bound
was only a fractional percentage above the original. In view
of these results, we did not feel that further investigation
was warranted. Some statistics are provided at the end of
the section.

5.1. Solution characteristics of test problems

The performance of the B&P algorithm was measured
by the solution quality and computational effectiveness.
Table 3 summarizes the solution quality for the adjusted
schedules in terms of total cancellations, required overtime

Table 3. Solution quality for test problems

Problem Not Total Avg Floaters Total Agency On-call Gap Average
no. Cancelled needed overtime hours overtime hours (hours) floats hours hours hours penalty

1 5 0 8 8 132 15 48 0 0 5.42
2 7 0 0 0 112 13 32 0 4 4.87
3 3 3 28 7 92 11 80 0 8 6.00
4 4 3 28 5.60 92 11 96 0 36 5.75
5 0 0 20 6.67 124 17 48 0 4 8.67
6 3 2 176 6.52 204 23 144 12 80 7.31
7 5 0 148 6.73 276 32 144 0 56 7.22
8 1 0 124 6.53 360 43 144 0 4 9.08
9 1 0 128 6.40 376 44 128 0 16 9.08

10 2 2 172 6.37 220 25 128 12 84 7.50
11 7 4 240 7.50 452 46 32 0 64 6.52
12 7 12 172 7.82 352 38 32 8 36 5.69
13 7 7 323 6.84 396 48 48 0 8 5.74
14 12 3 188 6.06 388 44 112 0 40 5.08
15 0 0 228 6.71 592 65 48 0 60 6.67
16 1 31 284 6.45 520 60 32 0 24 5.71
17 0 32 352 6.18 500 54 32 0 28 6.12
18 15 38 172 5.93 624 65 16 0 0 5.35
19 10 35 352 6.29 364 38 32 0 36 5.41
20 7 26 296 6.44 496 56 64 0 12 5.27
21 1 70 328 6.69 484 55 32 0 12 5.77
22 30 60 112 5.60 716 78 0 0 0 4.55
23 35 50 40 4 1020 105 0 0 0 4.40
24 6 58 388 6.06 440 49 32 0 36 5.00
25 0 15 464 6.27 980 120 32 0 8 9.71

hours, on-call nurses, and unmet demand (gap). The com-
putations were halted when all nodes were fathomed due to
infeasibility or bounds, or when the total number of nodes
explored reached a threshold value of 1000.

Column 2 shows the total number of cancelled (regular
or pool) nurses who are scheduled to work a regular period
but are not needed in their home unit and are not floated.
These nurses receive monetary compensation equal to two
hours of their basic wage. Column 3 (not needed) indicates
the number of nurses who have volunteered for overtime
in another unit but are not scheduled and do not have to
be compensated. Nurse-unit compatibility determines, in
part, whether overtime is assigned.

The next five columns in Table 3 deal with assigned in-
ternal resources. There are two possibilities: overtime and
float. For the former, we report total overtime hours in
column 4 and average overtime hours in column 5. The
average is calculated by using only overtime nurses in the
denominator. A nurse can work for up to eight hours of
voluntary overtime. Column 6 gives the total hours of de-
mand covered by floaters, whereas “total floats” in col-
umn 7 gives the number of nurses who are floated to other
units. The next three columns (agency, on-call, gap) report
the number of hours filled by outside resources (agency,
on-call) and the total number of uncovered hours (gap).
The last column gives the average penalty violation per
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nurse. Only nurses with nonzero penalty are included in the
calculation.

The solution quality, of course, is useful for nurse man-
agers because it informs them of the adequacy of their re-
sources to meet uncovered demand. In general, the interac-
tion of such factors as the types of nurses available, excess
supply hours, demand hours, and maximum penalty deter-
mine the allocation of resources. When demand hours, for
example, are substantially lower than excess supply hours,
there is likely to be a surplus of nurses. This translates into a
high number of cancellations and limited overtime. More-
over, the cost structure favors pool nurses, floaters, and over-
time hours in that order when demand exceeds the supply
provided by the midterm schedule in any period. A final
point about these results is that the number of nurses can-
celled (column 2) or who have volunteered for overtime but
are not needed (column 3) is, for the most part, a function
of the excess supply and demand in the data sets. In the
200-nurse instances (nos. 21–24), for example, there are a
relatively large number of not needed nurses compared with
the smaller instances.

5.2. Computational statistics for test problems

Table 4 presents the computational results for the B&P algo-
rithm, including run times, several measures of the integral-

Table 4. Computational results

Avg time Avg no.
Problem Problem size Time per node columns Best Best solution Initial LP Initial gap Optimality
no. (rows × columns) (seconds) Nodes (seconds) generated solution node solution (%) gap (%)

1 80 × 1673 128 48 2.7 4.80 4372.9 20 4313.5 1.4 0.1
2 80 × 796 77 50 1.4 2.86 4760.2 0 4695.6 1.4 0.1
3 80 × 1090 199 141 1.4 1.22 6559.2 110 6441.7 11.8 0.1
4 80 × 1363 355 298 1.2 0.52 14 335.3 0 13 918.5 3.0 0.1
5 80 × 1373 231 138 1.7 1.39 5557.7 130 5090.4 12.8 0.1
6 110 × 2066 2201 1000 2.2 0.12 33 150.5 15 32 609.2 1.8 1.1
7 110 × 2474 86 22 3.9 1.05 29 253.2 20 28 994.2 2.0 1.0
8 110 × 3992 257 60 4.3 0.72 15 042.2 30 14 923.0 5.2 1.0
9 110 × 3933 94 21 4.5 1.24 18 156.7 10 18 025.4 4.2 1.0

10 110 × 1786 102 39 2.4 0.95 33 390.8 30 33 107.0 1.4 1.0
11 165 × 4955 382 91 4.2 0.27 53 296.7 90 52 891.3 1.4 1.0
12 165 × 5067 354 63 5.6 2.63 24 628.0 50 24 322.8 1.7 1.0
13 165 × 5133 481 80 6.0 0.66 18 570.8 75 18 386.5 4.9 1.0
14 165 × 4146 379 70 5.4 0.69 27 733.4 50 27 316.2 1.7 1.0
15 165 × 4195 341 52 6.6 2.10 31 991.5 50 31 506.2 4.8 1.0
16 235 × 4749 2432 657 4.4 0.09 29 690.8 315 29 156.1 2.5 1.0
17 235 × 3884 131 21 6.2 1.71 29 694.8 20 29 453.7 1.7 1.0
18 235 × 4625 13 1 13.0 0 20 418.6 0 20 308.2 0.5 1.0
19 235 × 3885 65 21 3.1 0.47 32 350.8 10 31 121.2 1.6 1.0
20 235 × 4744 690 129 5.4 0.42 27 714.8 35 27 218.3 1.9 1.0
21 285 × 5255 807 165 6.2 0.19 27 638.0 150 27 129.2 2.2 0.5
22 285 × 5974 120 17 7.1 0.53 22 623.2 10 22 554.2 1.0 0.5
23 285 × 3968 123 21 5.9 1.86 21 448.6 10 21 350.8 5.9 0.5
24 285 × 5244 129 22 5.9 0.50 35 330.8 20 32 451.6 1.3 0.5
25 285 × 5946 336 36 9.3 1.69 39 061.2 29 38 820.9 1.6 0.5

ity gap, the extent of the search trees, and related statistics.
Column 2 gives the MP size in terms of number of rows and
columns at the final iteration. Because no columns are ever
deleted, this is the largest LP solved. However, the number
of eligible columns at each node depends on the branching
constraints imposed at that point in the tree. The number
of rows is a reflection of Constraints (2b)–(2d) and does not
change from one iteration to the next. The branching con-
straints associated with the slack variables are not included
in this statistic.

The cumulative clock time (in seconds) is given in col-
umn 3 and accounts for all the steps in the algorithm
from preprocessing to output generation. Although larger
problems, as measured by the number of nurses, tend to
take longer to solve, the 150-nurse instances appear to
be the most difficult. Column 4 reports the total number
of nodes generated and fathomed by the B&P algorithm.
In the implementation, a node is explored only if the dif-
ference between the LP solution and incumbent is within
the optimality gap given in the last column and discussed
below.

The average time per node in seconds and the average
number of new columns added per node excluding the root
node are reported in columns 5 and 6, respectively. As can
be seen, there is a wide variation in the number of nodes
per problem, both within each group of five instances and
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between groups. No trend is discernable. The same can be
said for the average number of columns per node, although
this statistic provides some insight on the effectiveness of
the initial columns. The poorer the quality of the initial
columns, the greater the number of new columns that are
generated at each node. This translates into an increase in
the computational time per node.

Empirically, the number of columns added per node
decreased as the search tree grew. Because columns are
never deleted from the MP, at some point, few if any im-
plicit columns price out favorably. Moreover, the number
of fractional variables remained relatively constant even
though the branching restrictions changed. In light of these
observations, we tried an alternative pricing strategy in
which the search for new columns was halted as soon
as the first was found. Without exception, this approach
led to a slight increase in overall run times and so was
abandoned.

The last five columns in Table 4 provide insight into the
efficiency of the algorithm and the tightness of the LP so-
lution at the root node. The objective function value of the
best feasible solution found is reported in column 7. This is
an aggregate monetary value that includes the cost of nurses
plus a penalty for uncovered demand associated with the
gap variables, gjp. Column 8 identifies the node at which the
best solution was found. Although there does not appear to
be any discernable pattern within a group of problems, or
with respect to the overall size of the search tree, for a large
number of cases, the best node was not encountered until
late in the enumerative process. A closer look at the indi-
vidual trees revealed that many were not balanced. Because
of the depth-first nature of the search, it was often nec-
essary to go deep into the tree to find, what turned out to
be, the best feasible solution. Once encountered, fathoming
was quick.

The tightness of the LP solution at the root node is re-
ported in column 9 and the initial gap is given in column
10. The latter is the percent difference between the integer
solution obtained with the set covering heuristic and the
LP solution at the root node; that is, (zIP–zLP)/zLP× 100%.
The initial gap indicates the effectiveness of the heuristic at
the root node in converting the fractional solution obtained
with D-W decomposition to a feasible integer solution.

The last column in Table 4 lists the optimality gap used
for termination. This value is the worst possible percent-

Table 5. Summary statistics for computational results

Total no. Avg no. of Avg time Avg time per Avg no. of columns Best solution Initial
of nurses columns (seconds) Nodes node (seconds) per node node gap (%)

20 1259.0 198.0 135.0 1.68 2.158 52.0 6.08
50 2850.2 307.8 468.6 3.46 0.816 21.0 2.92
80 4699.2 387.4 71.2 5.56 1.270 63.0 2.90

150 4377.4 666.2 165.8 6.42 0.538 76.0 1.64
200 5277.4 303.0 52.2 6.88 0.954 43.8 2.40

age difference between the (unknown) optimal integer so-
lution and the smallest lower bound associated with the
problem. It also serves as a tolerance to determine when to
fathom a node with a fractional solution. More precisely,
when (1 + optimality gap) ×zLP < best integer solution, the
node is fathomed. Based on the realized difficulty in solv-
ing problems of various sizes, we used a 0.1% tolerance for
the 20-nurse instances, a 1% tolerance for the 50-, 80-, and
150-nurse instances, and a 0.5% tolerance for the 200-nurse
instances. With the exception of problem no. 25, the best
solution was always found by the heuristic rather than by
integrality of the MP.

5.3. Summary by group

The overall performance of the B&P algorithm can be mea-
sured by its running time for a prespecified optimality gap.
For the 25 test problems, the computation times varied from
77 seconds to 2432 seconds, or a bit more than 1 minute to
40 minutes. Most large problems were solved within 16 min-
utes, whereas the smaller ones with 20 and 50 nurses were
solved in less than 5 minutes. Table 5 summarizes the results
by group. As expected, the computational times grow with
the number of nurses (the exception being the 200-nurse in-
stances), as do the total columns generated and the average
time to solve each node. In contrast, the average number of
columns generated per node does not exhibit any consistent
behavior.

Two factors contribute to the size of the search tree: (i) the
given optimality gap; and (ii) the quality of the heuristic so-
lution. Somewhat surprisingly, the number of nurses is not
correlated with the total number of nodes. Problem nos. 1–5
with 20 nurses have a higher average node count than prob-
lem nos. 11–15 with 80 nurses and 21–25 with 200 nurses.

Although there is no obvious relationship between the
size of the tree and the characteristics of a problem, the
quality of the solution provided by the set covering heuris-
tic plays an important role in fathoming. If good feasible
solutions are found early on, then many nodes are likely
to be fathomed high in the tree, thus limiting its size. The
performance of the heuristic is closely related to the num-
ber of fractional variables in the master LP solution. As the
number of columns in the MP grows, so does the possibil-
ity of fractional solutions and the effort required to achieve
convergence.

Jonathan Bard
Should be "... > best integer solution, the node is fathomed"
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For those problems in which the best node was identified
retrospectively to be close to the root node and far from
the terminal node, the heuristic solutions were seen to be
of poor quality, that is, far from the LP solutions. This led
to relatively deep trees in about 25% of the instances. In
problem no. 2, for example, the optimal solution was found
at the root node, but it was necessary to explore 50 more
nodes before the search could be terminated.

The average time to solve a node is determined primar-
ily by the size of the MP, which, in turn, grows with the
complexity of the pricing problems. The latter is a function
of the nurse types given by the X1 entry in column 3 of
Table 1 and the number of units to which they can float.
The more nurses that are available to float and work over-
time (X1), the greater the number of columns that can be
generated in the pricing problems. For example, problem
no 22 has 50 nurses who can float and work overtime and
who can be assigned to an average of 4.11 units. The total
number of columns generated was 5974. In contrast, prob-
lem no. 23 has 20 nurses of the same type but with slightly
more units to which they can be assigned (4.29). The to-
tal number of columns generated in this instance was only
3968.

5.4. Sensitivity analysis

During our experiments using different settings for the
aggregate penalty parameter, Pmax, we found that there
was little correlation between this value and algorith-
mic performance. Nevertheless, there is a strong nega-
tive relationship between Pmax and cost because increasing
Pmax allows columns with higher penalties for regular and
pool nurses to be included in a solution. These columns
have a much lower cost that those associated with agency

Fig. 2. Relationship between the objective function and the aggregate penalty.

nurses, on-call nurses, and uncovered demand, which would
otherwise have to be used to obtain feasibility. The net
effect is an overall reduction in the objective function
value.

To illustrate this relationship, we solved a 70-nurse prob-
lem (50-0-0-20) for 12 values of Pmax ranging from 200 to
576. In all cases, the B&P algorithm was terminated only
after all nodes were fathomed using a 0.1% optimality gap
as the stopping criterion. The total cost results are plotted
in Fig. 2, which shows that as Pmax increases, the objective
function first decreases rapidly and then levels off after 320.
This exponential-type behavior was typical of all problems
investigated. Note that beyond 500, Constraint (2d) is non-
binding in the optimal solution.

The results for the run time as a function of the aggre-
gate penalty are plotted in Fig. 3. Very little can be said
about the relationship between these two measures except
that there appears to be a slight upward trend for values
of Pmax between 250 and 470. For values below 250, the
computation times are relatively high, and for values above
470, solutions are obtained within a matter of seconds at
the root node.

The latter observation suggests that the major source of
difficulty in solving the daily adjustment problem is the
tightness of the penalty constraint. As the data in Fig. 3
illustrate, however, some problems are more difficult than
others even though their penalty values are close. A more
detailed analysis revealed that this observation can be par-
tially explained by the amount of slack in the penalty con-
straint, Constraint (2d), when evaluated at the solution ob-
tained with the IP set covering heuristic. For all but the
largest values of Pmax, the LP solution to the MP is al-
ways tight with respect to Constraint (2d). However, we
were only able to identify a week correlation between this
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Fig. 3. Relationship between the algorithmic efficiency and the aggregate penalty.

slack and the optimality gap in the early stages of the
computations.

The relevant data are presented in Table 6 for the 70-
nurse problem for the first 11 values of Pmax. In each case,
the computations were halted after five nodes were reached
or when the optimality gap was zero. The second column
in the table reports the smallest lower bound of all unfath-
omed nodes, the third column gives the better of the two
integer solutions found by the heuristic at the root node
and node 5, the fourth column gives the optimality gap be-
tween the lower bound and the integer solution, and the
fifth column reports the slack in Constraint (2d). The last
column gives the solution times to reach convergence (same
as in Fig. 3). The results suggest that there exists a weak
relationship between the slack values and gaps. Empiri-
cally speaking using a cutoff point of 100 seconds, if the

Table 6. Optimality gap for different penalty values for the 70-
nurse problem

Maximum LP Best Optimality Slack in Overall
penalty, lower integer gap Constraint time
Pmax bound solution (%) (2d) (seconds)

220 21 327.4 22 111.5 3.67 2 317
230 20 223.1 20 453.4 1.14 2 326
250 18 458.8 18 538.8 0.43 2 47
270 17 298.0 17 618.8 1.85 1 161
315 15 821.0 15 825.0 0.02 0 88
350 15 498.9 15 762.7 1.70 2 257
380 15 363.4 15 895.8 3.46 2 99
420 15 222.3 16 519.5 8.58 3 305
450 15 121.2 15 652.2 3.50 3 346
470 15 060.6 15 954.6 5.90 5 127
500 14 974.0 14 976.0 0 0 13

slack is >2, then the problem is difficult; for values <2, it
is easy; when the slack = 2, there does not seem to be any
correlation.

5.5. MIR cuts

Adding valid inequalities to the MP offers the possibility
of obtaining improved lower bounds, but at the expense
of greater run times. Unfortunately, our experience with a
subset of the instances in Table 1 showed that when MIR
cuts were added, the LP solution increased only marginally
or not at all after reoptimization. Results for problem nos.
5, 10, 12, 16, 21, and 25 are highlighted in Table 7. The
second column identifies the LP solution at the root node
before MIR cuts were added; the third column gives the LP
solution after the cuts were added and the MP reoptimized
with the D-W procedure (the last column indicates that no
new columns were ever generated). The fourth column gives
the percentage improvement. When no cuts were found, as
indicated in the sixth column, the third and fourth columns
were left blank. From the sixth column, we see that between
zero and 30 cuts were added to the MP with a maximum
improvement of 0.99%.

The fifth column in Table 7 reports the integer solution
found by the heuristic at the root node after the MIR cuts
were added and the D-W procedure reapplied. These values
are nearly identical to those in Table 4 for the same prob-
lems, so once again, no improvement. The amount of time
required to reoptimize the restricted MP and the number of
new columns generated are reported in the last two columns
of the table. Although these results only reflect the perfor-
mance of the cut generation procedure at the root node of
the B&B tree, they are typical of our experience when a
problem is solved to optimality.
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Table 7. Results for experiments using MIR cuts

Problem Best LP before LP after MIR Initial improvement Integer solution Total cuts Extra time Additional
no. MIR cuts added cuts added (%) at root node added (seconds) columns generated

5 5090 — — 5741 0 10 0
10 33 107 33 176 0.20 33 581 30 15 0
11 52 891 — — 53 645 0 25 0
16 29 156 29 446 0.99 29 882 1 40 0
21 27 129 27 314 0.68 27 739 30 50 0
25 38 820 — — 39 448 0 35 0

6. Summary and conclusions

The computational results show that the daily adjustment
problem can be solved efficiently for up to 200 nurses us-
ing the B&P algorithm. The success of the algorithm can
be largely attributed to the branching scheme developed to
construct the search tree and to the set covering heuristic
that provided high-quality feasible solutions. With respect
to branching, two rules were applied. The first was designed
to exploit the presence of the SOS-type constraints in the
subproblems. The second was aimed at reducing the effects
of symmetry and focused on the slack or outside nurse vari-
ables in the demand constraint, Constraint (2b).

As part of the research, two heuristics were developed
to find feasible solutions. The first, tabu search, works by
directly manipulating the incumbent to arrive at a local
optimum. Although extensive testing was done with vari-
ous neighborhood definitions, list sizes, and diversification
strategies, we were never able to achieve more than a 1
or 2% improvement. The second, a set-covering-type ap-
proach, involves solving an IP whose columns correspond
to “good” schedules. The IP heuristic proved to be much
more effective than tabu search and was incorporated in the
B&P algorithm.

In an effort to strengthen the lower bound provided by
the solution of the MP at each node in the B&B tree, general
M/R cuts were added to the model. Initial testing showed
that they were not effective, however, primarily because of
the need to reoptimize the MP using the D-W procedure
after being added. The amount of time spent checking for
new columns was out of proportion to the improvement in
the bound, which, in most cases, was negligible. Our lim-
ited experience with Gomory cuts showed the same to be
true.

In reality, specifying a value for Pmax is likely to be prob-
lematic. As an alternative, it might be better and even more
appropriate to consider an aggregate penalty for the on-
call nurses only and to define a separate penalty constraint
that can be individually tailored for each regular and pool
nurse. In the MP, Constraint (2d) would be much simpler
because it would only contain the term associated with the
on-call nurses. However, each subproblem would now in-
clude a penalty constraint equivalent to Constraint (1i) but
without the on-call term on the left-hand side.

A practical advantage of this formulation is that it is
likely to produce much faster run times. When Constraint
(2d) is not binding at optimality, the B&P algorithm almost
always converges at the root node. Moreover, the sensitivity
analysis results showed that when the slack in Constraint
(2d) induced by a feasible solution is small, convergence is
likely to be quick. By removing the first term in Constraint
(2d) and modifying Pmax accordingly, the chances of realiz-
ing either of these situations is greatly increased, especially
when either Pmax/p4 is integral or the optimal solution does
not contain on-call nurses.
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