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Abstract

The purpose of this paper is to present a new methodology for scheduling nurses in which several conflicting factors

guide the decision process. Unlike manufacturing facilities where standard shifts and days off are the rule, hospitals

operate 24 hours a day, 7 days a week and face widely fluctuating demand. A more flexible arrangement for working

hours and days off is needed, especially in light of the growing nursing shortage. To improve retention, management must

now take into account individual preferences and requests for days off in a way that is perceived as fair, while ensuring

sufficient coverage at all times. This multi-objective problem is solved with a column generation approach that combines

integer programming and heuristics. The integer program is formulated as a set covering-type problem whose columns

correspond to alternative schedules that a nurse can work over the planning horizon. A double swapping heuristic is used

to generate the columns. The objective coefficients are determined by the degree to which the individual preferences of a

nurse are violated. As part of the computational scheme, feasible solutions are refined to minimize the use of outside

nurses, but when gaps in coverage exist, the outside nurses are distributed as evenly as possible over the shifts. The

methodology was tested on a series of problems with up to 100 nurses using data provided by a large hospital in the US.

The results indicate that high-quality solutions can be obtained within a few minutes in the majority of cases.

� 2004 Elsevier B.V. All rights reserved.
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1. Introduction

The current crisis in health care is forcing hospital executives to run their organizations in a more

business-like manner. The constant challenge is to provide high-quality service at ever reduced cost. This

problem is exacerbated by an acute shortage of nurses, said to be 120,000 today and expected to grow to

808,000 by 2020 in the United States (US) alone (USDHHS, 2002). Because the nursing service is one of the

largest cost components in a hospital’s budget, it is essential for every manager to develop an efficient
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operational plan that makes the best use of available resources. The decision is complicated by a welter of
factors including hospital policies, labor laws, different nursing skill categories, the mix of part-timers and

full-timers, random fluctuations in demand, and the desire to accommodate individual preferences.

Nursing skills are typically divided into at least four different categories: registered nurses (RN), licensed

practical nurses (LPN), nurse aides, and technical nurses. Registered nurses are the most versatile and

generally preferred because they can provide the widest range of care. LPNs are less flexible, while nurse

aids have only limited training and skills. A technical nurse is usually needed to operate certain medical

instruments specific to a unit, such as cardiology. For purposes of matching skills with requirements, some

percentage of the average daily demand is assigned to each nurse category. The specification of this per-
centage is a management decision that represents a tradeoff between cost, availability, and quality of

service.

While there are several levels of staff planning in the hospital environment, our focus is on the mid-term

problem associated with weekly assignments. Decisions at this level are made on a regular basis to account

for planned leave and expected departures from average demand. To accomplish this task in an equitable

manner, information about demand, nurse availability, and the rules concerning priorities and individual

requests must be gathered. The decision process must resolve the conflicting viewpoints of the hospital and

the nursing personnel. Hospitals are required to provide some minimum level of care (in terms of staff by
skill category) during each shift, while nurses want individualized schedules that take into account requests

for days off, the exclusion of undesirable work patterns, and other personal considerations. The primary

goal is to provide the nursing staff with high-quality schedules subject to demand requirements and cost

considerations. This is known as preference scheduling.

The purpose of this paper is to present a robust methodology for solving the preference scheduling

problem that can accommodate both the quantitative and qualitative detail that nurse managers must

address. Rather than trying to minimize cost alone, our objective function is designed to balance con-

tractual agreements and management prerogatives with the use of outside nurses (primarily floaters and
agency nurses). The output is a set of rosters for the nursing staff that trades off individual preferences with

personnel costs without violating any of the hard constraints in the system. Critical to the success of the

procedure is the idea of fairness and the transparency of the resultant schedules. The short-term goal is

adequate coverage at minimum cost, the long-term goal is staff retention.

In the next section, the scheduling environment is described, followed by a review of the nurse scheduling

literature. We then present the optimization model and the solution approach. Because the full model was

too big to solve with a commercial code, an iterative scheme based on column generation was developed,

and then tested using data provided by a US hospital. The results indicate that problem instances with up to
100 nurses can be solved within 10 minutes for a 4-week planning horizon and within an hour for a 6-week

planning horizon.
2. Background and literature review

There are three different approaches to solving the mid-term nurse scheduling problem. The first is called

rotational or cyclical scheduling (Howell, 1998). In this approach, several sets of schedules are generated
that collectively satisfy the demand requirements. Nurses are then rotated from one set of schedules to

another in consecutive planning horizons. An exact solution of the cyclical scheduling problem can be

found by using a simplified mathematical model. In this model, cyclic work patterns are generated to

minimize the size of the nursing staff needed to cover the demand. Burns (1978) studied the case of 10 days

on in a 14-day planning horizon with every second weekend off and up to six consecutive days on. Although

easy to implement, cyclical schedules have become the bane of the profession because of the rigidity they

impose. Many nurses view flexibility as an entitlement that comes with the job.
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In contrast, self-scheduling attempts to solve the problem in a more flexible way. Having determined the
number of nurses required for each period, nurses are asked to sign up for any shifts that they want to work

during the planning horizon as long as they are within their contractual bounds. To avoid an over-supply in

any given period, an upper limit is placed on the number permitted to sign up in each block of time. When

conflicts occur, further adjustments are made through consensus. Griesmer (1993) reported a successful

application involving 32 nurses. Although the approach is appealing, it is quite difficult to implement in

practice because of the impracticality of holding meetings to resolve conflicts, especially for large units.

Moreover, the results may not necessarily be perceived as fair. Those who are savvy enough to game the

system will always have an advantage over the procrastinators. Controlling the sign-up order and rotating
it over the year is a partial solution.

The third approach––preference scheduling––is actually a combination of the first two. The general idea

is to accommodate individual preferences when creating schedules. Preferences can be measured in terms of

requests to work specific shifts or to be given specific days off, and by other rules such as the number of

working hours, shift sequence patterns or even nurse to patient ratios. Like self-scheduling, nurses are

asked to sign up for shifts prior to the beginning of the planning horizon. At that time, they usually submit

a list of requests to the nurse manager who compiles them and decides which to approve immediately in

light of the coverage requirements for the upcoming planning horizon. When generating the final rosters,
she tries to satisfy as many preferences and pending requests as possible.

Exact methods, heuristics, and constraint satisfaction have all been applied to the preference scheduling

problem over the last 25 years. Exact methods primarily involve the use of set covering-type models. In this

approach, alternative schedules are generated by any number of methods and one is selected for each nurse.

The typical objective is to minimize a weighted combination of costs and preference penalties. What has

limited the usefulness of this approach is the size of the integer program (IP) that must be solved and the

determination of the penalty coefficients. The longer the planning horizon, the more alternatives that can be

generated, and as a result, the harder the IP is to solve. The penalty coefficients must be defined so that
‘small’ values imply a ‘good’ schedule.

Warner (1976) was the first to develop a methodology for solving the set covering model for the case in

which all nurses work 8-hour shifts. To overcome the unmanageable size of the full IP, only 50 good

schedules obtained by a greedy method were included in the model for each nurse. A block pivoting

strategy was used to find feasible solutions, which were then improved with a post-processor. The meth-

odology was implemented at two hospitals with staff sizes ranging from 19 to 47 nurses.

Jaumard et al. (1998) extended the basic IP model to include both 8- and 12-hour shifts, and different

levels of nursing skills. This extension adopted the concept of demand periods, a unit time bucket that
alleviates the problem of overlapping working hours in two different shifts. The modified problem was then

solved using Dantzig–Wolfe decomposition with the necessary adjustments for integrality restrictions

(Wolsey, 1998). Columns were generated at each iteration by solving a resource-constrained shortest path

subproblem, one for each nurse.

While the set covering methodology focuses on strategies for generating candidate schedules in the form

of columns, heuristic approaches use a different strategy. They are designed to first obtain an initial

solution, and then improve upon it with neighborhood search methods. Miller et al. (1976) used a simplified

version of a rotation heuristic for a 4-week problem. The objective function was a weighted combination of
personnel costs and preference penalties. A greedy heuristic with feasible neighborhood swaps was adopted

to solve a real instances with up to 12 nurses.

Meta-heuristics have also been used to solve the preference scheduling problem. Dowsland (1998)

developed a tabu search approach with strategic oscillation. The algorithm starts with an initial roster

obtained with a greedy heuristic that ignores the minimum coverage requirement and treats each nurse

separately. In the next phase, three swap moves are used to try to satisfy the coverage constraints: shift

swaps for a single nurse, two-nurse chain swaps, and rotation swaps. The quality of each schedule produced
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by the algorithm is measured by a weighted sum of the penalty coefficients associated with the preference
violations.

Valouxis and Housos (2000) used a combination of integer programming and heuristics to find solutions

to a limited version of the preference scheduling problem. Instead of solving the classic set covering model,

they solved a relaxation that minimized the total number of shifts needed to satisfy demand subject to

several preferences constraints. Arthur and Ravindran (1981) were the first to apply goal programming to

the preference scheduling problem. They considered the following four goals: contractual requirements,

preferences, requests, and staffing requirements. In the first phase of their two-phase approach, a small IP is

solved to decide the day on which each nurse is to work. Shift assignments are made in the second phase. In
a similar vein, Berrada et al. (1996) proposed a constraint satisfaction model that viewed demand coverage

and the number of working days as the hard constraints and compliance to shift patterns, daily require-

ments for supervisory personnel, and the grouping of days off and weekends off as the soft constraints.

For the same problem, Ferland et al. (2001) developed a tabu search methodology that included a

diversification strategy and an adaptive memory structure. Similarly, Burke et al. (1999) used tabu search to

schedule nurses at several Belgium hospitals using a code implemented in the Plane software system.

Subsequent refinements allowed for multiple objectives and more equitable weekend assignments.

Working independently, Cheng et al. (1997) proposed about 20 heuristic rules to build rosters and to
recursively fill in the uncovered shifts. Following a different course, Kawanaka et al. (2001) used a genetic

algorithm to also find solutions. Their method was a bit restrictive, though, because it was designed around

six hard constraints specific to the hospital environment in which they were working. Other heuristics

include the use of language theory, artificial intelligent techniques and expert systems. The general idea is to

represent problem constraints as clauses or strings that can be combined to form feasible schedules with the

help of an inference engine like Prolog (e.g., see Okada, 1992).

3. Problem statement and model formulation

Hospitals typically employ nurses to work either 8- or 12-hour shifts, giving rise to five standard shift

types: three 8-hour shifts called Day (7 a.m.–3 p.m.), Evening (3 p.m.–11 p.m.), Night (11:00 p.m.– 7 a.m.)

and two 12-hour shifts called AM (7 a.m.–7 p.m.) and PM (7 p.m.–7 a.m.). An AM shift starts at the same

time as a Day shift and ends mid-way into the Evening shift. A similar interpretation exists for a PM shift.

The problem will be first stated for a single nurse category using these shift types and then extended to allow

for downward substitution of skill levels.

For modeling efficiency, it is convenient to divide the day into a set of contiguous (hourly) periods of

uneven length such that each shift consists of one or more periods. By doing so, we can express the demand
in terms of periods rather than shifts and hence reduce the size (number of rows) of the model. Fig. 1

depicts the relationship between shifts and periods for our problem. As can be seen, only four periods are

needed to cover 24 hours. The first demand period coincides with the Day shift, the second period covers
1 2 4

Demand periods  |_____________|________|________|______________|

Shift types    |_____________| Day (8 hours)

    |_____________________| AM (12 hours)

                               |_________________| Evening (8 hours)

PM (12 hours)            |_______________________|

Night (8 hours)     |_______________|

3

Fig. 1. Shift types and demand periods.
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the first half of the Evening shift, the third covers the second half of the Evening shift, and the last coincides
with the Night shift.

In the developments, we make use of the following notation.

Indices and sets

i index for nurses; i 2 N
j index for schedules; j 2 Si
p scheduling period (portion of a day); p 2 P
d day of the week; d 2 D
N set of nurses to be scheduled
Si set of schedules considered for nurse i
D set of days in the planning horizon (typically 28 or 42)

P set of periods in a day

Parameters and data

cij penalty ‘‘cost’’ of assigning schedule j to nurse i (this value is a function of the number and severity

of preference and request violations in the schedule)
aijdp 1 if schedule j for nurse i contains period p on day d, 0 otherwise

LDdp lower bound on demand for nurses on day d in period p
UDdp upper bound on demand for nurses on day d in period p
M large number representing the cost of either an outside nurse or under-coverage in a period

Decision variables

xij (binary) 1 if nurse i is assigned to schedule j, 0 otherwise

ydp number of outside nurses used on day d in period p
sdp slack variable for the ‘‘left’’ constraint on day d in period p

The basic optimization model is designed to minimize the cost of meeting the demand for a particular

nurse category in each of the m � jP j � jDj periods over the planning horizon, where jX j denotes to the

cardinality of the set X . The general formulation is as follows:
Minimize
X
i2N

X
j2Si

cijxij ð1aÞ

subject to LDdp 6

X
i2N

X
j2Si

aijdpxij 6UDdp for all d 2 D; p 2 P ; ð1bÞ
X
j2Si

xij ¼ 1 for all i 2 N ; ð1cÞ

xij ¼ 0 or 1 for all i 2 N ; j 2 Si: ð1dÞ
The first constraint (1b) ensures that the number of nurses scheduled in each period falls between some

minimum and maximum value, and is really two separate constraints. In many situations, it might only be

necessary to include the left-hand portion of this constraint, but it is generally desirable to place a maxi-

mum limit on the number of nurses assigned in each period. Constraint (1c) along with (1d) guarantee that
each nurse in the unit is assigned one and only one schedule. Note that for the sake of compactness, it is

possible to combine d and p into a single index that references the time period over the planning horizon.

Model (1a)–(1d)can be thought of as column oriented. The jth schedule for nurse i over a planning

horizon of jDj days can be represented by a column vector of size jP j � jDj as follows:
Aij ¼ ðaij1; aij2; . . . ; ai;j;jP j; ai;j;jP jþ1; . . . ; ai;j;2jP jþ1; . . . ; ai;j;jP j�jDjÞT: ð2Þ
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In preference scheduling, we initialize the model with jN j sign-up schedules, one for each nurse. The dif-

ficulty comes in constructing the set Si. An effective algorithm is needed to identify good feasible schedules

for each nurse i, where ‘‘good’’ means few violations of the nurse’s preferences and requests. A method for

generating these schedules is discussed presently, but first we introduce several adjustments to the model

that are needed to achieve a better representation of the actual scheduling environment.

3.1. Insufficient coverage

Many hospitals and clinics face a shortage of nurses, implying that under coverage or gaps are inevitable

in some periods. To compensate for these shortages, several options are available. The first is to plan for the

use of travelers––nurses who are hired through outside firms for approximately 12 weeks at a time. The

second is to use agency nurses who work through temporary agencies for a negotiated number of days or

weeks. The third is to commandeer nurses from other units in the hospital that may have an excess supply

in a particular period. A nurse that is re-assigned under these conditions is called a floater and is not part of

the mid-term planning process. To deal with shortages in our model we introduce the variable ydp corre-

sponding to the number of outside nurses used in period p on day d. These may be agency nurses, travelers,
or any other type of nurse assigned to fill a gap in the schedule. The appropriate modification to constraint

(1b) is
LDdp 6

X
i2N

X
j2Si

aijdpxij þ ydp 6UDdp for all d 2 D; p 2 P : ð1b0Þ
To avoid pathological situations, it will be assumed that a feasible solution always exists to (1b0).
3.2. Two-sided constraints

The efficiency of any linear programming-based code is a function of the number of structural con-

straints in the model. Two-sided constraints such as those in (1b) can be reduced to a single-sided constraint

by introducing an equivalent number of bounded variables. Let sdp be the slack variable for the ‘‘left’’
constraint in (1b0). That is,
LDdp ¼ �sdp þ
X
i2N

X
j2Si

aijdpxij þ ydp: ð3Þ
If we impose the following upper bound on sdp, the two-sided constraint (1b) will always be satisfied.
06 sdp 6UDdp � LDdp: ð4Þ

We can now substitute constraints (3) and (4) for (1b0) in our model.

Full Model
Minimize
X
i2N

X
j2Si

cijxij þM
X
d2D

X
p2P

ydp ð5aÞ

subject to � sdp þ
X
i2N

X
j2Si

aijdpxij þ ydp ¼ LDdp for all d 2 D; p 2 P ; ð5bÞ
X
j2Si

xij ¼ 1 for all i 2 N ; ð5cÞ

xij ¼ 0 or 1 for all i 2 N ; j 2 Si; ð5dÞ
06 sdp 6UDdp � LDdp; ydp P 0 for all d 2 D; p 2 P : ð5eÞ
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The objective (5a) is to minimize the weighted sum of the costs associated with the schedules assigned to
the regular nurses and the cost attending the use of outside nurses to cover gaps. The choice of the

parameter M implicitly defines the tradeoff between satisfying the collective preferences of the nursing staff

and incurring additional costs by calling on outside nurses to meet unfilled demand. In general, we want

M >> maxfcij : i 2 N ; j 2 Sig.
Finally, note that as long as LDdp and UDdp are integral, an optimal solution will always exist with sdp

and ydp integral so it is not necessary to declare them as such. A related point is that the complementarity

condition sdp � ydp ¼ 0 will always hold at optimality.

3.3. Specification of cost coefficients

A critical measure of success in the use of preference scheduling is the perceived fairness or balance in the

posted rosters. If some nurses feel that their preferences and requests are continually being ignored the

approach is likely to fail. Bickering, increased absenteeism, low morale, poor job performance, and high

turnover rates may become the norm. To avoid this situation, the model must be driven to select schedules

that are in balance, i.e., have about the same number of violations per nurse across the board. This can be

achieved by defining each cost coefficient cij in (5a) as an increasing function of the number and severity of
preference violations. Thus each schedule j for nurse i, as represented by the column vector in (2), will have

a cost that increases at an increasing rate.

To implement this idea, let v be the equivalent number of penalty points (cost) associated with a vio-

lation for a particular nurse. Table 1 lists the degree or severity of a violation in qualitative terms, the

corresponding value of v, and the cost coefficient cijðvÞ. We have found that the exponential function

cijðvÞ ¼ 2v�1 works best in model (5).

In specifying the entries in Table 1, the aim was for a universal measure that would demand little effort

on the part of the user to calibrate the model. The only thing required is that each violation be assigned to
one of the four enumerated categories. Most violations are expected to be ‘‘simple’’ and incur a penalty of

1. Examples might include assigning a nurse a Night shift when Evening shifts are the norm, having to work

an on-off-on pattern, and working a Night shift the day before the start of a vacation. More serious vio-

lations might be associated with split weekends (one weekend day on each of two consecutive weekends),

and working a PM shift right after returning from vacation. An ‘‘extreme’’ violation is considered the worst

possible case and, according to our scheme, is eight times as severe as a simple violation.

Of course, other methods of quantifying violations have been proposed. A common approach is to

enumerate all possible violations and ask each nurse to allocate 100 point among them, the more points the
more severe the violation (e.g., see Randhawa and Sitompul, 1993). This provides individualized cost

coefficients but can lead to gaming by those who are savvy, and to frustration for those who cannot

rationalize the process in their minds. Burke et al. (2001) developed an approach called numbering that is

more comparable to ours. Their major contribution relates to the data structure used to compute violations

of the soft constraints. Experience has shown, however, that procedures that place too much of a burden on

the user to quantify preferences are either not accepted or are soon abandoned. Our approach tries to

circumvent these pitfalls by simplifying the user input without sacrificing the need to customize the process.
Table 1

Quantification of preference violations

Degree of violation Equivalent no. of penalty points, v Cost coefficient, cijðvÞ ¼ 2v�1

Simple 1 1

Serious 2 2

Severe 3 4

Extreme 4 8
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4. Model input

To a large extent, input requirements for model (5) are a function of the algorithmic approach. Specific

parameters, such as the maximum number of columns to be included in the formulation and the minimum

number of requests permitted per nurse, are discussed in the next section where the column generation

algorithm and its various components are presented. At the general level, we must specify the length of the

planning horizon, the number and types of shifts to be assigned, the demand per shift, and a host of rules.

The latter can be categorized as either hard or soft constraints, reflecting institutional policies, contracts,
individual agreements, and legal restrictions.

From a requirements point of view, the rules that must be followed in mid-term scheduling can be di-

vided into four categories: (i) hard constraints at the system level, (ii) hard constraints associated with an

individual, (iii) soft constraints at the system level, and (iv) soft constraints associated with an individual.

Hard constraints are those which define feasibility while soft constraints are those which can be violated

under certain circumstances, but at a cost. This cost may be an explicit dollar amount, such as an agreement

to pay overtime for certain shifts, or qualitative, as reflected by a preference violation that leads to low

morale. Unfortunately, there is no consensus amongst hospitals, or even units within a hospital, as to which
constraints are hard and which are soft.

The set of rules and the classification scheme that we used in our implementation are enumerated in

Table 2. Also shown are the penalty values associated with a violation of the soft constraints. This
Table 2

Rules and penalty structure for preference violations

No. Rule Hard constraint Soft constraint

(violation)

Penalty assessment

Severity Points

1 Illegal work patterns–there must be an

eight hour break between shifts

yes

2 Number of different shift types a nurse

can work in 2-week period when

contract calls for single shift type

6 2 Works 2 differ-

ent shifts

Simple 1/violation

3 Consecutive working days (workstretch ) 6 6 daysa 6 Simple 1/violation

4 Consecutive days off

8-hour shift (5 working days) N/A N/A

12-hour shift (3 working days) <6 P 4 Simple 1/violation

5 Weekend penalties

Number of working weekends 2 weekends in 4

weeks

Number of working weekend days 3 days Serious 2

Contract for Day/AM shift N/A Assigned N/PM

shift on week-

end

Simple 1

Contract for Evening/Night/PM shift N/A Assigned D/AM

shift on week-

end

Simple 1

6 Pattern violations

Off-active-off (0 1 0) pattern (only for

full-time 8-hour shifts)

N/A When happens Simple 1/violation

Active-off-active (1 0 1) N/A When happens (not included)

(continued on next page)



Table 2 (continued)

No. Rule Hard constraint Soft constraint

(violation)

Penalty assessment

Severity Points

7 Days-off shift

No AM/ Day shift after requested

day off/ holiday

N/A Counted only

for nurses

working on E,

N, PM shift

Simple 1/violation

No PM/Night shift before requested

day off/holiday

N/A Only counted

for nurses

working on D/

AM

Simple 1/violation

8 Rotation schedules

Day/AM shift Must work hired

shift for 50% of as-

signed schedule

Evening/Night/PM shift

9 Number of transitions for rotational

nurse during each workstretch (e.g.,

schedule Day-Day-Evening-Day-Day

has two transitions)

6 6 in 2 weeks 3 in 2 weeks Simple 1

4 in 2 weeks Serious 2

5 in 2 weeks Severe 3

6 in 2 weeks Extreme 4

10 Personal requests ‘MinReq’ requests

guaranteed over

planning horizon

11 Overtime

Full-time/part-time (8-hour shift) Patterns allowed

(8-hour shift)

DayfiAM,

NightfiPM,

EveningfiAM/PM

>40 hour a week

(full-time)

Simple 1

28 hour a week

(part-time)

Full-time (12-hour shift) Patterns allowed

(8-hour extension

for 12-hour shift)

AMfiDay,

PMfiNight

>36 hour a week Simple 1

Maximum working

hours allowed

Simple 1

6 44 per week

(for full-time

nurses)

6 88 per 2 weeks

(for full-time)

6 32 per week

(for part-time)

12 Outside nurses (fill in gaps) 50

13 Minimum hours a nurse must work in a

2-week period (based on contractual

agreement; varies among full-time and

part-time nurses)

Yes

aOnly applicable for full-time nurses that are hired to work 8-hour shifts.
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table does not show individual constraints that are handled on a case-by-case base in the implemen-
tation.
5. Solution methodology

The major component of the solution methodology is the procedure for generating candidate schedules.

To initialize the problem, we start with either the sign-up schedule provided by each nurse or with indi-

vidualized templates based on their contract. This gives us jN j columns for the structural constraints in (5b).
If the full roster satisfies the demand this might be all that is needed; however, many of the nurses may not

have been able to sign up for their desired shifts, implying that one or more preference violations will exist

in their schedule. Requests must also be considered.

An important factor in setting up the model is the balance between the number of candidate schedules

and the computation time. The number of potential columns per nurse grows exponentially with the

number of shift types and days in the planning horizon. It is critical that the size of the model be managed

intelligently. In particular, we would only like to generate columns that are legal (satisfy the hard con-

straints), are attractive from the nurses point of view (few preference violations), accommodate requests,
and biased towards periods in which shortages exist. The latter is a key point because of the huge number of

potential columns.

The overall scheme is to generate a subset of the legal columns for each nurse by modifying one or two

shifts in his or her initial schedule (hereafter called the base schedule) and adding them to the formulation.

This will be done for each of the jN j nurses, one at a time, in the outer loop of the algorithm. We refer to the

outer loop as the major iterations and reference it by the index a. To limit the number of columns generated

per nurse at iteration a we introduce the parameter V max
i ðaÞ, the maximum number of (equivalent) pref-

erence violations (see Table 1) permitted for nurse i, and the parameter MaxColða), the maximum number
of new columns per nurse to be included in the model. Logically, V max

i ðaÞ is a nondecreasing function of a,
and may be different for each nurse i depending on his or her seniority, previous schedules, contract, or

personal agreement with management. MaxColða) is also specified as a nondecreasing function of a. The
generation of columns for an individual nurse is done in the inner loop of the algorithm and referenced by

the index i.
At each major iteration, an attempt is made to solve (5a)–(5e) with a commercial code (CPLEX in

our case). Note that this problem is always feasible because of the inclusion of outside nurses represented

by the variable ydp; however, depending on the effectiveness of CPLEX and the stopping criteria specified in
the algorithm, there may be a gap between the solution reported and the (unknown) optimum. Assuming

for the moment that optimality has been achieved to within an acceptable percentage, two situations can

arise.

(i) The solution includes outside nurses to cover shortages or gaps.

(ii) All periods are covered by the regular staff.

With regard to (i), if a 0% optimality gap results, then the current columns in the model may not be
sufficiently diverse to achieve full coverage with only staff nurses. If the demand exceeds the supply then it

might not be possible to obtain a better solution. In any case, either more columns should be considered or

more nurses need to be added to the unit. If the optimality gap is greater than zero, we cannot be sure

whether or not a solution exists with no outside nurses. To verify this, it would be necessary to adjust the

stopping criteria to allow more of the feasible region to be explored. Either way, the solution represents an

implicit tradeoff been the quality of the individual schedules and the cost of using outside nurses. To achieve

the second situation (ii), more columns must be added to the model. According to the generation scheme,
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these columns would likely include more preference violations than the set used at the current iteration.
Nevertheless, due to legal restrictions and explicitly imposed limits on the number of preference violations

per nurse, it may not be possible to obtain a solution in which no outside nurses are required.

We now present the main algorithm. The individual routines referenced at a particular step are either

detailed in Appendix A or can be found in Purnomo (2002).

Preference_Scheduling_Algorithm

Input: Sign-up schedule, requests, nurse attributes, rules, demand requirements per period, maximum

number of new columns MaxColðaÞ per nurse, and maximum number of preference violations
V max
i ðaÞ permitted for nurse i at iteration a ði 2 N ; a ¼ 1; . . . ; amaxÞ.

Output: Roster for every nurse for the planning horizon.

Step 1. (Initialization) Read input data files and set counters a ¼ 1 and i ¼ 1.

1a. Convert demand requirements per shift to demand requirements per period.

1b. Set the sign-up schedule as the base schedule rbase.

1c. Build initial A-matrix ðm� nÞ for IP model (5a)–(5e) from the base schedule rbase.

1d. Add m outside nurse variables ðydpÞ and m slack variables ðsdpÞ to convert the two-sided

inequality constraints (1b) into single-sided equality constraints (5b).
1e. Set first ‘MinReq’ as hard constraints for each nurse.

1f. Call Maximum_Violation_Algorithm to get V max
i for all nurses. Set V max

i ð1Þ ¼ minfV max
i ð1Þ;

V max
i g.

1g. Set upper bound on objective function �zð0Þ ¼ 1.

Step 2. (Optimality of Base Schedule) Determine whether or not the base schedule has the following char-

acteristics: all demand is satisfied, no hard constraints are violated, and no preference violations

exist for any nurse. If so, go to Step 6 with an optimal schedule; if not, go to Step 3.

Step 3. (Column Generation) For current values of V max
i ðaÞ and MaxColðaÞ, call Column_Genera-

tion_Algorithm to generate as many candidate schedules ðSnew
i Þ as possible for each nurse i from

the base schedule rbase. Randomly select nðaÞ ¼ minfMaxColðaÞ; jSnew
i jg and place them in SðaÞ. Put

Si  Si [ SðaÞ,
n nþ nðaÞ,
i iþ 1 and repeat Step 3 until i ¼ jN j þ 1.

Step 4. (Update Formulation) Add new columns to model, update SOS list and data structure used to store

full A-matrix. [The size of IP is ðmþ jN jÞðnþ 2mÞ:]
Step 5. Try to solve the IP with upper bound �zðaÞ as input.

If (no solution is found) and ðn < MaxColTotÞ, then
put a aþ 1, �zðaÞ  �zða� 1Þ, and go to Step 3;

If (no solution is found) and (nPMaxColTot), then go to Step 6.

Otherwise, let objective function value be zðaÞ and the new schedule be rðaÞ.
Reduce the upper bound by putting �zðaÞ  hzðaÞ, and
Update base schedule by putting rbase  rðaÞ.

If (number outside nurses > 0) or (n < MaxColTot), then

put a aþ 1 and go to Step 3;
If (number outside nurses¼ 0) and (n < MaxColTot) and ða < amaxÞ, then

delete m columns associated with outside nurses,

put a aþ 1,

set V max
i ðaÞ ¼ minfV max

i ða� 1Þ; V max
i g and go to Step 3.

Else go to Step 6.

Step 6. Report final schedule.



J.F. Bard, H.W. Purnomo / European Journal of Operational Research 164 (2005) 510–534 521
Solving the IP at Step 5 was less time consuming than originally expected because most search trees were
small. If a solution is found such that zðaÞ6�zðaÞ, the incumbent is updated. Before adding new columns to

the model and re-solving though, we reduce the upper bound by the fractional value h in an effort to obtain

a visible improvement at the next major iteration. If no solution is found and the maximum number of

columns (MaxColTot) has not yet be reached, the algorithm returns to Step 3; otherwise we go to Step 6

and quit. At Step 4, the SOS list and the A-matrix are updated. Although CPLEX has a feature that

obviates the need to include the SOS constraints explicitly, we did not use this feature because the results

were much better without it; i.e., the objective values associated with the LP solutions at node 0 of the

search trees were much greater when the SOS constraints were omitted from the model.
The most computationally intensive and time-consuming component of the algorithm is column gen-

eration at Step 3. It is here where the many rules and requests must be checked. To reduce the overall effort

it is desirable to introduce additional stopping criteria. For example, we have restricted the number of

major iterations to the parameter amax. Also, we terminate a major iteration when the search tree reaches

some maximum number of nodes set by the parameter MaxNodes or after TimeLim seconds are reached on

the clock.

5.1. Generating columns

Candidate schedules in the form of columns are generated for each nurse i 2 N in the inner loop of the

algorithm by modifying the base schedule. The goal is to construct candidate schedules that not only have

low objective function coefficients but also permit us to build a roster over the planning horizon with a

minimum number of outside nurses (gaps). The proposed methodology consists of three major compo-

nents: identifying a set of periods in which there is under-coverage and identifying a set of periods in which

there is over-coverage; performing swaps between these two periods to produce a new candidate schedule;

and checking the legality and redundancy of this schedule.
The idea of swapping shifts is similar to the swap neighborhood heuristics commonly used to solve

combinatorial optimization problems. The same principles were used by Nonobe and Ibaraki (1998) to

solve the constraint satisfaction problem. In model (5), recall that a column Aij consists of a string of 0’s and

1’s, where a 1 indicates that the nurse is assigned to work in the corresponding period. A standard shift

neighborhood heuristic produces a new column by interchanging a 1 and a 0 in the string. As a simple

example consider the first three days of a schedule for nurse A: (1000 0001 0001). Looking at Fig. 1, we can

see that this string corresponds to an assignment of Day–Night–Night for days 1, 2, and 3, respectively. Our

heuristic generates a new column by moving an active period (denoted by 1 in the string) to an inactive
period (denoted by 0 in the string). One possibility is to move the first active period on day 1 to the fourth

period which is inactive. The result is the string (0001 0001 0001) translated as Night–Night–Night shifts.

Another possibility is move active period 8 to inactive period 6, a four-hour period. In this case, we also

have to make period 7 active in order to get an 8-hour shift. The result is the string (1000 0110 0001)

translated as Day–Evening–Night shifts for the first three days.

Because the goal of the heuristic is to generate enough varied columns so that the required number of

outside nurses is minimum, it is desirable to bias the interchanges towards demand periods in which there is

insufficient coverage. At each major iteration, the column generation algorithm uses the current IP solution
(base schedule for nurse i) to determine the periods in which there are staff shortages and staff surpluses. To

implement this idea, every period is scanned and classified into one of two sets when appropriate.

AðiÞ set of originating periods for swap. It includes periods in which there is more than the average number

of nurses signed up and nurse i is scheduled to work,

BðiÞ set of target periods for swap. It includes periods in which there are fewer than the average number of

nurses signed up and nurse i is not scheduled to work.
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Depending on the characteristics of the base schedule for nurse i, these sets are derived using one of two
procedures called All_Columns_Classification and Average_Classification, respectively. In the first proce-

dure, each working period for nurse i is a candidate for membership in the set AðiÞ; the remaining periods

are candidates for membership in BðiÞ. Generating columns using these definitions, however, can be very

time consuming because the number of possible columns grows exponentially with the number of time

periods in the planning horizon. To alleviate this problem, a further restriction is applied in classifying

periods based on the average nurse availability. This is the rationale of the second procedure which uses a

threshold value in the construction of AðiÞ and BðiÞ based on the average number of nurses scheduled per

period over the planning horizon. In our implementation, we start with the Average_Classification scheme
and switch to the All_Columns_Classification scheme when an insufficient number of columns have been

generated for a particular nurse. In general, a column is generated when it is possible to switch the working

pattern of a nurse from the period with surplus demand to a period with a shortage without violating any of

the embedded hard constraints. Both single and double swaps are considered.

Column_Generation_Algorithm

Input: Base schedule for every nurse i; maximum number of hours V max
i ðaÞ allowed for nurse i without

overtime (MaxHri).
Output: Set of new columns Snew

i for every nurse i.
Step 1. Calculate total hours (THi) for all i 2 N . If THi < MaxHi, run Overtime_Generation_Algorithm.

Step 2. Let TCi be the total number of columns in the model for nurse i 2 N ; calculate AvgCol ¼
1
jN j

PjN j
i¼1 TCi. Set i ¼ 1.

Step 3. Set Snew
i ¼£. If TCi > AvgCol then

Run Average_Classification_Algorithm to build sets AðiÞ and set BðiÞ. Run single-swap move for

each member of set AðiÞ and set BðiÞ.
Else

Run All_Columns_Classification_Algorithm to build set AðiÞ and set BðiÞ. Go to Step 5 (generate

new columns using double swap move).

Step 4. Run Check_Legality_Algorithm to see if swap is allowed. If legal then go to Step 5, else go to Step 7.

Step 5. Call CalcPenalty_Algorithm to calculate the cost coefficient cnewi . Let vnewi be the number of equiv-
alent preference violations associated with cnewi . If vnewi > V max

i ðaÞ discard column and go to Step 7;

else go to Step 6.

Step 6. Check redundancy using Hash_Table_Algorithm. If is redundant, discard column and go to Step 7;

else put Snew
i  Snew

i [ Anew
i and go to Step 7.

Step 7. If i < jN j, put i iþ 1 and go to Step 3; else stop and return.

In practice, before incrementing the nurse counter at Step 7 we check to see if jSnew
i j > MaxColðaÞ. If

indeed this condition is met, we randomly reorder the elements in Snew
i and select the first MaxColða). This

is referenced in Step 3 of the Preference Scheduling Algorithm. The algorithms for checking the legality and
redundancy of a schedule are presented in Appendix A.
5.2. Determining the maximum number of permitted violations

In preference scheduling, one of the measures used to judge the quality of a schedule is its ‘‘fairness’’ as

perceived by the nursing staff. To some degree, fairness can be measured by how closely an individual’s
schedule matches the schedule for which he or she was hired, and by the severity of the preference violations

in the derived schedule. Of course, some overlap exists between these two measures.

An additional consideration relates to the historical trend or the quality of successive schedules assigned

to a nurse. Even treatment might mean that if a nurse received a bad schedule in one month, then she would
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receive a good schedule in the next month. We have implemented this idea by limiting the number of
equivalent violations in any new schedule to a maximum of V max

i . (In the Preference Scheduling Algorithm,

the actual value is limited to minfV max
i ðaÞ; V max

i g at iteration a.) To determine V max
i , we first compute the

average number of violations in the previous scheduling period (call it �v) and the accompanying standard

deviation (call it �r). If the schedule in the previous period included more than �vþ �r equivalent violations,

the number of violations in the current period is restricted to be less than or equal to maxf1;�v� �rg. The
algorithmic details follow.

Maximum_Violations_Algorithm
Input: voldi , equivalent number of preference violations for each nurse i in previous period.

Output: V max
i , maximum number of preference violations allowed in current period.

Step 1. Compute average and standard deviation associated with the number of preference violations in the

previous scheduling period.

�v ¼ 1

jN j
XjN j
i¼1

voldi and �r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

jN j � 1

XjN j
i¼1
ðvoldi � �vÞ2

vuut :

Set i ¼ 1, V max
i ¼ 1, and go to Step 2.

Step 2. If voldi > �vþ �r, set V max
i 6 bmaxf1;�v� �rgc, else go to Step 3.

Step 3. If i ¼ jN j, stop; else put i iþ 1 and go to Step 2.
6. Model enhancements

Several additional features have been incorporated in the algorithmic structure to ensure that the results

are realistic and that the methodology is robust. The features considered were strongly influenced by the

need to balance the computational effort with the quality of schedules produced.
6.1. Distribution of gaps in the roster

Most hospitals prefer that gaps in the schedule be distributed evenly over the planning horizon. In

qualitative terms, this means that shortages should be spread as uniformly as possible among the shifts. The

simplest way of achieving this pattern of coverage is to impose an upper bound, MaxGap, on the number of

outside nurses, ydp, in each period. In our implementation, MaxGap is initially set to an arbitrarily large
value to avoid an infeasible instance of (5a)–(5e). After the first solution is obtained, it is reset to

maxfydp : d 2 D, p 2 Pg � 1, and then reduced incrementally at subsequent iterations if an improvement is

realized. The process continues until one of the stopping criteria is met or no feasible solution has been

found in three consecutive iterations. The results highlight the relationship between the average number of

preference violations in a schedule and the use of outside nurses.

A more efficient way of dealing with this issue might be to modify the objective function (5a) so that ydp
appears as a quadratic term.
Minimize
X
i2N

X
j2Si

cijxij þM
X
d2D

X
p2P

y2dp: ð5a0Þ
This formulation penalizes the use of outside nurses in each period at an increasing rate, and so should have

a leveling effect. However, the resultant model is a mixed-integer quadratic program and may be much
harder to solve than its linear counterpart.



524 J.F. Bard, H.W. Purnomo / European Journal of Operational Research 164 (2005) 510–534
6.2. Requirements for charge nurses

The charge nurse in a unit is the person responsible for the shift. This role is typically filled by the head

nurse when he or she is on duty, but at other times by the available staff. Because most RNs are qualified to

be charge nurses, it is unlikely that a roster produced by the preference scheduling algorithm will have any

uncovered periods. Nevertheless, to ensure compliance, this requirement should be included explicitly in the

model. This can be done by adding the following set covering constraints:
X
i2Nc

X
j2Si

aijdpxij P 1 for all d 2 D; p 2 P ; ð6Þ
where Nc � N is the set of RNs that are qualified to act as charge nurses. Note that any demand for RNs

with various types of certification, bilingual skills, cross-training and so on, can be treated in the same
manner as charge nurses; i.e., by identifying the appropriate subsets of N and adding constraints similar to

(6) to the model.

6.3. Multi-skilled workforce

The discussion so far has centered on RNs, but is generally applicable to all skill categories in a hospital.

This follows because most units treat each category separately permitting the scheduling problem to be

decomposed accordingly. In those cases where it is desirable to assign temporarily idle higher skilled
workers to shifts that require lesser skills, model (5) can be extended to include two or more categories of

nurses (e.g., RNs and LPNs). This process is often called downgrading and has been applied successfully by

a few airlines in scheduling their flight crews (see Dawid et al., 2001).

For two skill categories, the necessary modifications require the use of two sets of demand constraints.

The following additional notation is used to formulate the extended model.

NH set of nurses with higher level skills (RNs),

NL set of nurses with lower level skills (PLNs),
LDH

dp lower bound on demand on day d in period p for nurses with higher level skills,

UDH
dp upper bound on demand on day d in period p for nurses with higher level skills,

LDL
dp lower bound on demand on day d in period p for nurses with lower level skills,

UDL
dp upper bound on demand on day d in period p for nurses with lower level skills.

Now, instead of (1b) we have
LDH
dp 6

X
i2NH

X
j2Si

aijdpxij 6UDH
dp for all d 2 D; p 2 P ; ð8aÞ

LDH
dp þ LDL

dp 6

X
i2NH[NL

X
j2Si

aijdpxij 6UDH
dp þUDL

dp for all d 2 D; p 2 P ; ð8bÞ
where constraint (8a) ensures that a sufficient number of higher skilled nurses are selected to cover the

corresponding demand, while (8b) allows either type to provide coverage at the lower level. To avoid

duplicate coverage by the higher skilled nurses, it is necessary to include constraint (8a) in constraint (8b).

Note that this formulation is independent of the relative pay scales because each nurse must be assigned a
schedule; however, unless the cost coefficients in (5a) are weighted, there is an implicit assumption that

preference violations and the use of outside nurses are treated equally regardless of skill category.

It is straightforward to transform (8a) and (8b) into single-sided constraints as was done with (1b). The

new model would have twice as many variables and up to twice as many constraints. If the corresponding
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integer program were too big to solve, a two-stage approach could be used. At the first stage, the higher
level problem would be solved and any idle time due to excess coverage, identified. This idle time (or

equivalently, the number of surplus nurses in each period) would then be applied (or assigned) to cover as

much lower level demand as possible. At the second stage, the problem associated with the lower skilled

nurses would be solved, but with the adjusted demand rather than the original demand.
7. Computational results

The column generation approach described in Section 5 was implemented in C++ and linked to the

CPLEX 7.1 libraries to solve the IPs that arise at each major iteration. Run times were obtained through

the clock function in C++. All computations were performed on a 1.1 GHz PC.

To test the effectiveness and usefulness of the approach, three sets of experiments were conducted on

problems that included between 20 and 100 nurses. The first set was designed to see how well the algorithm

performed on real problem instances. The second set was aimed at evaluating performance for a more

difficult class of problems, and the third set was designed to help understand the influence that some of the

model parameters have on the ability of the algorithm to find high-quality solutions in a timely manner.
To conduct the experiments, we used both real and randomly generated data. The real data were pro-

vided by Seton Hospital in Austin, Texas, and involved the scheduling of 20 and 68, respectively, over 4

weeks. These data were used in the first set of experiments referred to as the baseline. To work with larger

problem instances in the second set of experiments, sign-up schedules were duplicated randomly to increase

the number of available nurses, as were the demand requirements to extend the planning horizon. Also

included were some special features like the requirement for charge nurses in every period.

The characteristics of the 12 problem instances investigated are displayed in Table 3. The entries in the

‘total demand’ column were computed by converting the demand for every period into its equivalent
Table 3

Summary of problems used in computational experiments

Problem

no.

Nurses Total

demand

(hours)

Total

supply

(hours)

Sign-up

schedule

(D hours)

Average

no. of

violations

Average no.

of outside

nurses

Feature

1 20 1824 1840 12 0 0.02 –

2 68 9824 8076 48 0 2.64 –

3 58 7138 7748 480 0 0.71 15% charge

nurses

4 68 8068 8076 760 0 1.13 –

5 68 9824 8076 40 0 2.64 15% charge

nurses

6 100 11,840 12,112 528 0 0.86 –

7 100 13,856 12,112 312 0 3.06 –

8 100 13,856 12,112 312 0 3.06 10% charge

nurses

9 68 14,736 12,140 56 0 2.63 6-week horizon

10 100 20,784 18,186 456 0 3.00 6-week horizon

11 100 20,784 18,186 456 0 3.00 6-weeks horizon,

10% charge

nurses

12 68 14,736 12,140 56 0 2.63 6-weeks horizon,

15% charge

nurses



Table 4

Parameter settings for algorithm

Parameter Value

Maximum number of columns in IP, MaxColTot 20,000

Maximum number of columns per nurse per iteration, MaxCol(a) 50

Maximum number of nodes in B&B tree, MaxNodes 1000

Maximum CPU time for IP per iteration (seconds) 1000

Maximum number of iterations, amax 20
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number hours and summing over the planning horizon. Depending on his or her contract, a nurse is re-
quired to work for a certain number of hours during this period. The ‘total supply’ column gives the

corresponding number of hours available. The difference between the two indicates the minimum number

of hours that must be made up by outside nurses. However, when the total supply exceeds the total de-

mand, it does not mean that we can always produce a solution without outside nurses.

The ‘sign-up schedule’ column indicates the difference (D) between the number of hours that must be

made up by outside nurses as determined by the sign-up schedule, and the number of hours that must be

made up as determined by the difference between the ‘total demand’ and ‘total supply’ columns. Excess

coverage is not included in the calculation. Empirically, the larger the value of D, the more difficult a
problem is to solve. The next two columns in Table 3 give the average number of violations per nurse and

the average number of outside nurses needed per period, respectively, as determined from the sign-up

schedule. The last column identifies two scenarios beyond the 4-week baseline that were investigated.

Because the data did not indicate which employees were qualified to act as charge nurses, we randomly

selected 10% to 15% of the total for a given run. In fact, this is a conservative estimate for the hospitals

participating in the study. The actual number is closer to 25%.

Each problem instance was run using the parameter settings given in Table 4 unless otherwise stated. The

results are summarized in the next subsections. The two main criteria used to judge the quality of a schedule
are the number of preference violations and the number of outside nurses required. The implementation is

judged in part by the amount of time spent in finding solutions. The detailed schedules are available from

the authors.
7.1. Experiments with real data

A summary of the results for the first set of experiments is given in Table 5. The third and forth columns

indicate the average number of violations per nurse and the corresponding standard deviation. The max-
imum number of violations for any nurse is given in the fifth column. The next two columns report the

average number of outside nurses required per period and the maximum number needed in any one period

over the planning horizon. These values give an indication of how evenly distributed the outside nurses are.
Table 5

Summary of results for real problem instances

Problem No. of

nurses

No. of violations Outside nurses Columns

in model

No. of

iterations

Time

(seconds)Average Std. dev. Max. Average Max.

1 20 0.11 0.1 2 0 0 40 5 5

2 68 0.25 0.56 3 2.60 4 7347 6 215

3 58 0.16 0.49 3 0.04 1 5555 6 198
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The ‘average’ value was computed by summing the number of outside nurses required per period and then
dividing by the number of 8-hour shifts in the planning horizon (84 periods for 4-week baseline). The

heading ‘columns in model’ refers to the total number of columns that were in the model when the com-

putations were terminated, including those associated with the sign-up schedule which are used at the first

iteration. Duplicate columns and columns whose penalty weight was above the threshold V max
i were dis-

carded, and hence not included in this entry.

All problems were solved in less than 4 minutes. To a large extent, solution quality depends on the

contractual agreements, the sign-up schedules, and the difference between total supply and demand. In all

cases, the results indicate only a small number of preference violations and minimal need for outside nurses.
The largest problem with 68 nurses required a total of 7347 columns or 108 columns per nurse before

converging. In contrast, the smallest problem converged with the addition of only 20 new columns. As

expected, computation times grew sharply with the size of the staff, but are still reasonable. Detailed results

for problems 2 and 6 are given in Appendix B.

Several additional observations follow. These were corroborated in the second set of experiments.

1. Regarding the size of the IP, the greater the number of nurses, the more columns needed per nurse. The

degree of difficulty increases with the number of nurses at an increasing rate that appears to be exponen-
tial.

2. The difference between the number of outside nurse hours needed in theory and the number of hours

determined from the sign-up schedule provides an indication of how difficult a problem will be to solve.

This difference is denoted by D in Table 3. Considering problem 2, for example, the difference between

the total demand and total supply is 9824� 8076 ¼ 1748 hours. The sign-up schedule, however, indi-

cates that a total of 1796 additional hours are needed so D ¼ 48 hours. Thus the best the algorithm

can do is to find a schedule that calls for 48 fewer outside nurse hours. Solution times tend to grow lin-

early with D.
3. The value of the slack variables and outside nurse variables in the sign-up schedule also affect the diffi-

culty of a problem. When the number of periods that require outside nurses and the number of periods in

which there is slack is about the same, the problem is more difficult to solve. This is due to the fact that

the swapping heuristic has to generate more columns to reallocate the nurses from the slack periods to

the period in which there is under-coverage.

4. When the charge nurse constraints are included in the model, the problem becomes more difficult to

solve as the percentage of qualified nurses declines. This can be easily explained by the fact that the fea-

sible region becomes increasingly tighter as the percentage falls. For the data sets investigated, a majority
of the problems were infeasible when this parameter was below 15%.

5. The number of redundant columns generated may contribute significantly to the length of time required

to solve a problem. As the iterations proceed, the number of redundant columns increases at a propor-

tional rate. For a fixed time limit, the effort spent to weed out redundancy is wasted, compromising the

effort to find more attractive columns and better solutions.

7.2. Experiments with derived data

The original data sets were used to generate additional problem instances with a slant towards making

them more difficult. The following steps were taken.

(a) Demand data were modified to obtain larger values of D while maintaining a relatively even balance

between periods in which there was over- and under-coverage.

(b) A certain number of existing nurse profiles were duplicated to increase the roster.

(c) Sign-up schedules were duplicated in part to lengthen the planning horizon.



Table 6

Summary of results for derived problem instances

Problem No. of

nurses

No. of violations Outside nurses Columns

in model

No. of

iterations

Time

(seconds)Average Std. dev. Max. Average Max.

4 68 0.22 0.59 3 0.60 6 5491 7 256

5 68 0.04 0.27 2 2.60 5 8070 8 466

6 100 0.15 0.45 2 0.02 4 15,586 8 513

7 100 0.30 0.69 3 2.66 4 15,687 8 287

8 100 0.03 0.17 1 2.65 4 12,948 9 607

9 68 0.78 0.91 3 2.57 5 6836 7 1091

10 100 0.58 0.83 3 2.60 7 16,427 9 3178

11 100 0.20 0.55 3 2.60 4 18,293 9 3496

12 68 0.04 0.46 1 2.58 5 10,213 7 1100
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With regard to point (c), the reason why we did not randomly generate sign-up schedules is because it is

difficult to do so and make them realistic. Problems 5 and 8 were designed to study the effect of including

charge nurses in the computations. The number of nurses that could serve in this capacity was determined

randomly and limited to 15% of the total. The results are summarized in Table 6. For the 6-week instances,

no time limit was imposed.
The presence of the charge nurse constraints and a longer planning horizon has the expected effect of

increasing computation times. Comparing problem 2 with problem 5, we see that the running time increases

by a factor of 2, while the number of columns in the final model only increases by about 700. In fact, during

the iterations, about twice as many columns were generated for problem 5, but many were discarded be-

cause their penalty weights were too high. Comparing problem 7 with problem 8, we see an approximate

twofold increase in running time, but a decrease in the number of columns by about 1600. The increase in

running time in both cases is attributed mainly to the twofold increase in problem size due to the inclusion

of charge nurses in the model. In the case of problems 6 and 7, the twofold increase in running time is due to
the values of D. For problem 7, D ¼ 324 ð¼ 2068� 1744Þ which is only about 55% of the value for problem

6.

As the planning horizon goes from 4 to 6 weeks, the problems become much more difficult to solve.

Problem 10, for example, took about 45 minutes to converge. This order of magnitude increase is due to the

quadratic increase in the number of swaps that have to be considered in the column generation algorithm.

Upon closer examination, we found that most of the time was spent generating and evaluating columns,

rather than solving the IP. This was true, regardless of the parameter settings or problem size.

With respect to the quality of the solutions, we see that the average number of violations is always less
than or equal to 0.91, and all standard deviations are comparable. This implies that most nurses have very

good schedules with no violations, but a few have schedules with two or three violations. In all cases, the

average number of outside nurses per period is between two and three, which reflects the fact that for the

most part, the demand is greater than the supply––the more difficult situation. Nevertheless, is was always

possible to reduce the maximum number of outside nurses required to no more than twice the average, a

reasonable result.

7.3. Parametric analysis

In the presence of shortages, the better the schedules with respect to preference violations, the more

outside nurses that are likely to be needed to fill in the gaps. To investigate this tradeoff, we studied the

impact of limiting the number of violations permitted per nurse (i.e., maximum column weight) on the

average number of outside nurses in the final schedule. Data sets 4 and 7 were used in this experiment
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because the total number of outside nurse hours needed (determined from the solutions of problems 4 and
7) was considerably greater than the minimum number of hours specified by the total demand in Table 3. In

the analysis, the maximum penalty allowed per column was varied from 1 to 32. Recall that a penalty of 1 is

equivalent to one violation, and a penalty of 32 to 6 violations. This compares with a penalty of 50 points

for each 8-hour outside shift used.

In general, including columns in the model with ever more violations increases the number of alterna-

tives for the IP solver, and so should yield solutions with fewer and fewer outside nurses. At some
Table 7

Statistics for parametric analysis

Maximum penalty allowed

1 2 4 8 16 32

Total columns generated

68 nurses (problem 4) 2761 4583 4788 6532 8618 9030

100 nurses (problem 7) 7384 8204 9757 11,221 14,865 15,798

High penalty columns discarded

68 nurses 66,252 29,694 4804 4755 160 78

100 nurses 89,150 53,955 4043 349 125 105

Average number of violations

68 nurses 0 0.16 0.46 0.49 0.38 0.38

100 nurses 0 0.17 0.27 0.27 0.31 0.22

Standard deviation of violations

68 nurses 0 0.61 0.85 0.92 0.88 0.88

100 nurses 0 0.61 0.79 0.77 0.76 0.79

Average number of outside nurses

68 nurses 0.36 0.20 0.04 0.01 0 0.01

100 nurses 0.29 0.11 0.02 0 0 0

Computation time

68 nurses 259 236 253 258 >1000 211

100 nurses 465 485 479 525 >1000 >1000
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Fig. 2. Parametric analysis of average violations as maximum penalty varies.
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point, though, diminishing returns will set in with the consequence that the marginal improvement will go

to zero.
Table 7 summarizes the results for six runs. As can be seen, when only a small number of violations are

permitted, an overwhelming number of columns are rejected and the average number of violations is rel-

atively low. Beyond 3 violations (penalty of 4), though, the solution quality does not improve much so this

might be a good cutoff point.

A portion of these results is plotted in Figs. 2 and 3 to highlight the influence of the penalty parameter.

We see, for example, that the average number of violations is extremely low when the maximum penalty

allowed is low, increasing steadily and then tapering off. This follows because the initial feasible sign-up

schedules are good. When fewer columns are generated for lower penalty values, it is difficult to find
schedules that use fewer outside nurses. On the other hand, an increase in the maximum penalty decreases

the need for outside nurses to obtain a balanced schedule. After a value of 3, though, the number of outside

nurses required drops to near zero.
8. Summary and conclusions

In this paper, a robust column generation procedure was presented for solving the nurse preference
scheduling problem. At the center of the algorithm is a heuristic that identifies attractive schedules by

adaptively swapping single and double periods. Although the computations were initiated with a sign-up

schedule, other possibilities include the use of rotational schedules or an initialization procedure based on,

say, the previous month’s rosters. Solutions for problems with up to 100 nurses and planning horizons up

to 6 weeks were found within a matter of minutes in most cases. These results provided the confidence for

full implementation in a new health care management system now being tested at several hospitals.

An important feature included in the methodology is the requirement for a charge nurse in every period.

Modeling this option, however, increased the run time by a factor of two to three. On a related point, there
may be several types of nurses that must be scheduled in a hospital unit. The approach discussed here can

be extended to deal with this situation either by adding constraints (8a) and (8b) to the model, or by solving

each problem in turn, beginning with the highest skill category (i.e., RNs). Once a solution is found for a

specific skill category, any excess coverage can be used to satisfy demand at the next lower category.

Other areas in which generalizations or improvements are possible relate to the shift structure and the

generation of columns. Many hospitals use more than four starting times and may have shifts that are other

than 8 and 12 hours in length. An efficient way to deal with the general case is needed, particularly with

regard to the swapping procedure and the elimination of redundant columns.
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Appendix A. Legality checking and redundancy

Each new column obtained from the neighborhood swap procedure must be checked to see if it violates
any of the hard constraints. This is the most tedious task in the overall methodology because many of the

rules may be quite intricate and not all of them will necessarily be applicable to all nurses (e.g., nurse i
must have every other Monday or Tuesday off and can only work four days a week). For a specific nurse,

it is often possible to include some of the unique rules in the construction of sets AðiÞ and BðiÞ so no

columns are generated that lead to a violation. We do this for the first ‘MinReq’ requests submitted by a

nurse.

In general, the checking procedure should be modularized and flags used for each nurse so only the

appropriate rules are checked. The algorithm presented below is designed specifically for the scheduling
problem associated with the shift set {D, E, N, AM, PM} and corresponding demand periods of length 8, 4,

4, 8 hour, as shown in Fig. 1. The first four steps are aimed at uncovering illegal work patterns of a general

nature. The computational effort for these checks is minimal. The remaining steps address the other hard

constraints in Table 2. For example, Step 6 considers the maximum workstretch and Step 7 checks the

weekend constraints.

Legality_Check_Algorithm

Input: New column Anew
i with periods a and b swapped.

Output: <true> if swap is legal, <false> otherwise.

Notation: workstretch¼maximum number of consecutive working days in a schedule associated with Anew
i .

Step 1. Set idx ¼ bmod4 nn current period in the day.

Step 2. Depending on the value of idx, check one of the following four conditions.

0: If b� 1 is active or bþ 2 is active in Anew
i then go to Step 9, else go to Step 3. (This test identifies

the illegal patterns 0001 1000, 0011 1100, 1110, and 1111.)

1: If both b� 1 and bþ 1 are active or both b� 1 and bþ 1 are inactive in Anew
i then go to Step 9,

else go to Step 3. (These conditions identify the illegal patterns 1110, 1111, 1101 and 0100.)
2: If both b� 1 and bþ 1 are active or both b� 1 and bþ 1 are inactive in Anew

i , then go to Step 9,

else go to Step 3. (This test identifies the illegal patterns 0111, 1111, 1011 and 0010.)

3: If bþ 1 is active or b� 2 is active in Anew
i , then go to Step 9, else go to Step 3. (This test identifies

the illegal patterns 0001 1000, 0011 1100, 0111, and 1111.)

Step 3. Set idx ¼ amod4. Now check for the illegal patterns 0100 and 0010.

Step 4. If (idx ¼ 0 or idx ¼ 1) and (aþ 1 is active) then go to Step 9, else go to Step 6.

Step 5. If (idx ¼ 2 or idx ¼ 3) and (a� 1 is active) then go to Step 9, else go to Step 6.

Step 6. If (workstretch > 6) go to Step 9, else go to Step 7.
Step 7. If (weekend constraints violated) go to Step 9, else go to Step 8.

Step 8. If (other hard constraints violated) go to Step 9, else return <true>.

Step 9. Return <false>.

Once a column passes the legality test, a check must be made to ensure that it does not duplicate an

existing schedule for the nurse being considered (of course, two nurses can have the same schedule without

causing a problem). Although the sets AðiÞ and BðiÞmay change at every iteration, they are likely to overlap

to an extent that makes duplication unavoidable. This is especially true when the base schedule is the same

for a particular nurse from one iteration to the next. To check for redundancy, we compute an index
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(ColumnIndex ) for each column and store it in a hashing table, one table per nurse. When a new column is
generated, its index is computed and the hashing table checked to see if the index is listed. In our imple-

mentation, we use a table with 50 rows.

Hash_Table_Algorithm
Input: New column Anew

i , objective function coefficient cnewi , swap periods a and b.
Output: <true> if Anew

i is not redundant, <false> otherwise.

Notation:

sðdÞ shift type nurse is assigned on day d,
WðsðdÞÞ random number associated with shift type the nurse is assigned on day d,
UðdÞ random number associated with day d,
d̂ last day of the planning horizon,

ColumnIndex index for new column Anew
i ,

ArrayIndex row index in hashing table associated with Anew
i .

Step 1. Calculate ColumnIndex ¼
Pd̂

d¼1 ½WðsðdÞÞ þ UðdÞ�½Wðsðd þ 1ÞÞ þ Uðd þ 1Þ�.
Step 2. Calculate ArrayIndex ¼ ½cnewi þ ða� bÞ� mod 49.

Step 3. Go to ArrayIndex in hashing table and see whether or not ColumnIndex has been generated previ-

ously. If (yes) then discard Anew
i and return with <false>; otherwise, return with <true>.
Appendix B. Algorithmic performance

The data in Tables 8 and 9 give an indication of how the column generation algorithm (CGA) performed

on two representative problems. In most instances, the IP was solved at either the root node or within a few

nodes for each major iteration a. Although the relaxed LP solutions were not always integral, CPLEX’s

feasibility heuristic was extremely effective in finding integer solutions that indeed where optimal. In all but

a few cases did the branch and bound tree grow beyond a handful of nodes. This usually happened when

the solution contained a small number of outside nurses per shift, as in problem 8 where 14 nodes were

needed at iteration 5.
The vast majority of time was spent on the column generation aspect of the algorithm––performing

swaps, testing legality, and checking redundancy. Roughly speaking, 15% of the time went to solving the

IPs and 85% to generating columns. When the IP was difficult to solve, though, about 50% of the com-

putational effort was spent in branch and bound. Of the four stopping criteria used, the infeasibility cri-

terion dominated. Recall that in this case, the computations are halted when no feasible solution is found in
Table 8

Detailed computational results for problem 2 (68 nurses)

Major

iteration

(a)

Nodes in

B&B tree

Node best

solution

found

%LP gap

at node 0

% opti-

mality

gap

Total solution

time (seconds)

Solution time for

IP (seconds)

Solution time for

CGA (seconds)

1 0 0 0 0 �0 �0 �0
2 0 0 0 0 1 �0 1

3 1 1 0 0 41 2 39

4 0 0 0 0 29 5 24

5 0 0 – Infeasible 49 11 38

6 0 0 – Infeasible 47 12 35

7 0 0 – infeasible 48 14 34

Total 215 44 171



Table 9

Detailed computational results for problem 6 (100 Nurses)

Major

iteration

(a)

Nodes in

B&B tree

Node best

solution

found

% LP gap

at node 0

% optimality

gap

Total solution

time (seconds)

Solution time

for IP

(seconds)

Solution time

for CGA

(seconds)

1 0 0 0 0 �0 �0 �0
2 0 0 0 0 1 �0 1

3 0 0 0 0 66 3 63

4 1000 10 5.16 4.53 157 117 40

5 1000 14 25 1.71 180 119 61

6 0 0 – Infeasible 67 29 38

7 0 0 – Infeasible 52 26 26

8 0 0 – Infeasible 84 25 59

Total 607 319 288
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three consecutive iterations for the given value of the parameter MaxGap––the maximum number of
outside nurses permitted per period.
References

Arthur, J.L., Ravindran, A., 1981. A multiple objective nurse scheduling model. AIIE Transactions 13 (1), 55–60.

Berrada, I., Ferland, J.A., Michelon, P., 1996. A multi-objective approach to nurse scheduling with both hard and soft constraints.

Socio-Economic Planning Science 30 (3), 183–193.

Burke, E.K., Causmaecker, P.D., Berghe, G.V., 1999. A hybrid tabu search algorithm for the nurse rostering problem. In: Simulated

Evolution and Learning 1998McKay, B. et al. (Eds.), Lecture Notes in Artificial Intelligence, 1585. Springer, Berlin, pp. 187–194.

Burke, E.K., Causmaecker, P.D., Petrovic, S., Berghe, G.V., 2001. Fitness evaluation for nurse scheduling problem. In: Proceedings of

the Congress on Evolutionary Computation, Seoul, South Korea, vol. 2. IEEE Press, pp. 1139–1146.

Burns, R.N., 1978. Manpower scheduling with variable demands and alternate weekends off. INFOR 16 (2), 101–111.

Cheng, B.M.W., Lee, J.M.L., Wu, J.C.K., 1997. A nurse rostering system using constraint programming and redundant modeling.

IEEE Transactions in Information Technology in Biomedicine 1 (1), 44–54.

Dawid, H., Konig, J., Strauss, C., 2001. An enhanced rostering model for airline crews. Computers & Operations Research 28 (7), 671–

688.

Dowsland, K.A., 1998. Nurse scheduling with tabu search and strategic oscillation. European Journal of Operational Research 106,

393–407.

Ferland, J.A., Berrada, I., Nabli, I., Ahiod, B., Michelon, P., Gascon, V., Gagn�e, E., 2001. Generalized assignment type goal

programming problem: Application to nurse scheduling. Journal of Heuristics 7, 391–413.

Griesmer, H., 1993. Self-scheduling turned us into a winning team. Management Decisions 56 (12), 21–23.

Howell, J.P., 1998. Cyclical scheduling of nursing personnel. Hospital JAHA 40, 77–85.

Jaumard, B., Semet, F., Vovor, T., 1998. A generalized linear programming model for nurse scheduling. European Journal of

Operational Research 107, 1–18.

Kawanaka, H., Yamamoto, K., Yoshikawa, T., Shinogi, T., Tsuruoka, S., 2001. Genetic algorithm with constraints for the nurse

scheduling problem. In: Proceedings of Congress on Evolutionary Computation, Seoul, South Korea, vol. 2. IEEE Press, pp. 1123–

1130.

Miller, H.E., Pierskalla, W.P., Rath, G.J., 1976. Nurse scheduling using mathematical programming. Operations Research 24 (5), 857–

870.

Nonobe, K., Ibaraki, T., 1998. A tabu search approach to the constraint satisfaction problem as a general problem solver. European

Journal of Operational Research 106, 599–623.

Okada, M., 1992. An approach to the generalized nurse scheduling problem––generation of a declarative program to represent

institution-specific knowledge. Computers & Biomedical Research 28, 417–434.

Purnomo, H.W., 2002. Solving nurse scheduling problem using column generation approach. Ms Thesis. Graduate Program in

Operations Research and Industrial Engineering, The University of Texas, Austin, TX.

Randhawa, S.U., Sitompul, D., 1993. A heuristic-based computerized nurse scheduling system. Computer & Operations Research 20

(8), 837–844.



534 J.F. Bard, H.W. Purnomo / European Journal of Operational Research 164 (2005) 510–534
USDHHS, 2002. Projected Supply, Demand and Shortages of Registered Nurses: 2000–2020. National Center for Health Workforce

Analysis. US Department of Health and Human Services, Rockville, MD.

Valouxis, C., Housos, E., 2000. Hybrid optimization techniques for the workshift and rest assignment of nursing personnel. Artificial

Intelligence in Medicine 20, 155–175.

Warner, D.M., 1976. Scheduling nursing personnel according to nursing preference: A mathematical programming approach.

Operations Research 24 (5), 842–856.

Wolsey, L.A., 1998. Integer Programming. John Wiley & Sons, New York.


	Preference scheduling for nurses using column generation
	Introduction
	Background and literature review
	Problem statement and model formulation
	Insufficient coverage
	Two-sided constraints
	Specification of cost coefficients

	Model input
	Solution methodology
	Generating columns
	Determining the maximum number of permitted violations

	Model enhancements
	Distribution of gaps in the roster
	Requirements for charge nurses
	Multi-skilled workforce

	Computational results
	Experiments with real data
	Experiments with derived data
	Parametric analysis

	Summary and conclusions
	Acknowledgements
	Legality checking and redundancy
	Algorithmic performance
	References




