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For a given planning horizon, workforce composition and set of labor requirements, personnel
scheduling often reduces to solving three problems. The first is concerned with the assignment
of days off; the second involves assigning workers to shifts during the day; and the third
involves the construction of weekly tours. In many manufacturing facilities, tour scheduling is
easy because the start and end times of shifts are invariant, and no work takes place on the
weekend. But when daily patterns vary, such as in the airlines, processing, and public service
industries, and when part-timers make up a portion of the workforce, the complexity of the
overall problem increases dramatically.

This paper presents a new methodology for solving the combined shift and days-off scheduling
problem when the labor requirements span less than 24 hours per day. We begin with an integer
programming formulation and then introduce a set of aggregate variables and related cuts.
When the aggregate variables are fixed the original problem decomposes into seven subproblems
(one for each day of the week) that are much easier to solve. A partial enumeration scheme
and a heuristic for ensuring feasibility are employed to find upper and lower bounds which
converge rapidly to near-optima.

The methodology is applied to tour scheduling at general mail facilities (GMFs). These facilities
are located in most urban areas and process millions of mail pieces daily for local and regional
distribution. The model accounts for the principal constraints in the U.S. Postal Service labor
contract, including half-hour breaks, minimum full-time to part-time ratios, and variable start
times. Also considered are four and five day work weeks, and the possibility of assigning
workers across labor categories. A full analysis of the Providence, Rhode Island facility is pre-
sented.

(Shift Scheduling; Days-Off Scheduling; Tour Scheduling ; Integer Programming ; Branch and Bound;
U.S. Postal Service)

A host of issues surround personnel scheduling, in-
cluding the assessment of labor requirements, demand
forecasting, service level determination, and workforce
composition. Once these issues are resolved, up to three
interrelated problems must be solved in order to staff a
facility. The first deals with the assignment of on and
off days to employees (the days-off scheduling prob-
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lem). The second is concerned with choosing the hours
or shifts that an individual will work (the shift sched-
uling problem). The third considers daily and weekly
schedules in an integrated fashion and tries to develop
tours over a planning horizon (the tour scheduling
problem). If shifts are permitted to span more than a
single 24-hour period, the scheduling problem is said
to be continuous; otherwise it is called discontinuous.
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For organizations with fixed daily shifts (e.g., a ma-
chine shop that operates from 8-to-5, six days a week)
the only problem is that of days-off scheduling to insure
that each employee works exactly five days a week. For
organizations with a fixed 5-day week (e.g., utility of-
fices that close on weekends), the problem is one of
scheduling the workforce for various shifts during the
day to meet the expected work load. The integrative
tour scheduling problem is relevant when management
has the flexibility to define shifts and assign days off in
a nonuniform manner. Hospital nurses, telephone op-
erators, bus drivers, and airline crews are a few examples
of labor groups where such prerogatives exist. In each
of these instances, the underlying problem is compli-
cated by the fact that the demand for service fluctuates
markedly throughout the day and across the week, and
that labor contracts often limit the set of available
choices.

The purpose of this paper is to present a comprehen-
sive model of the discontinuous tour scheduling prob-
lem and to show how it can be solved efficiently for
real world instances. The model is general enough to
allow for full and part-time employees with various shift
lengths, different days-off patterns, flexible break al-
locations within specified break windows, 4- and 5-day
work weeks, assignments across labor categories, and
restrictions on the ratio of full-time to part-time labor
hours. In the development, we build on the work of
Burns and Carter (1985) who effectively solved the
days-off problem, and Bechtold and Jacobs (1990) who
devised a clever way of markedly reducing the number
of decision variables needed to model shift scheduling.
The approach taken is hierarchical. We begin with a
relaxed formulation and find optimal solutions to the
accompanying integer linear program. Subsequently, we
postprocess the output to arrive at high quality, although
not necessarily optimal, tours.

In the next section, we present some background ma-
terial and related research. This is followed in §3 where
assumptions and notation are given along with the
model. The solution methodology is highlighted in §4.
An application concerning personnel scheduling at
General Mail Facilities (GMFs) is presented in §5. These
facilities typically employ between 200 to 300 clerks
and machine operators. Individual machines may be
scheduled to run up to 20 hours per day. Results from
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a full analysis of the Providence, Rhode Island GMF
demonstrate the efficiency of the proposed methodol-
ogy. We are able to solve problems nearly one order of
magnitude larger than previously reported, usually
within 10 minutes on an IBM 3081-D.

2. Background and Related

Research
Depending on the situation, each of the three scheduling
problems can be written as an integer linear program
of the form:

n

minimize Z = 2 ¢ (1a)
j=1
subject to:
’Zxaj,szr,/ t=1,2,...,m (1b)
j=1
xj= 0 and integer, j=1,2,...,n (lc)

where

n respectively, the number of working-day patterns,
daily shifts, or weekly tours included in the problem
under consideration.

m number of time periods in the planning horizon.

c; cost of the working-day pattern, daily shift, or
weekly tour j.

7, number of employees required to work in period ¢.

a;; equals 1 if period t is a work period for working-
day pattern, daily shift, or weekly tour j; 0 otherwise.

xj number of employees assigned to working-day
pattern, daily shift, or weekly tour j.

The objective function (1a) minimizes the total cost
of the chosen schedule while constraint (1b) ensures
that each period t is staffed to meet the requirements
7;. In many applications c; is taken as one, implying that
the working-day patterns, daily shifts, or weekly tours
are of equal cost (Baker 1976). Of course, this would
not be appropriate when overtime or variable shift
lengths are being considered. The above formulation
assumes that a set of working-day patterns, daily shifts,
or weekly tours are available to select from. While such
a set is usually small for the days-off scheduling prob-
lem, it can be large for the other two. In such cases, it
is common to define working subsets.
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2.1. The Days-Off Scheduling Problem

Because of its importance, this problem has been studied
extensively over the last 20 years. Baker and Magazine
(1977) investigate a seven-days-a-week operation with
a fixed weekday demand and a different fixed weekend
demand. They further consider four possible modes of
operation where employees are entitled to either:

—two days off each week;

—two consecutive days off each week;

—two consecutive days off each week and four days
off every two weeks; or

—every other weekend off and two pairs of consecutive
days off every two weeks.

Lower bounds are presented for each of the above cases
along with a series of algorithms for producing sched-
ules capable of attaining these bounds, thus achieving
optimality.

Bartholdi and Ratliff (1978) introduce the concept of
“unnetworks,” which are problems whose defining
matrices are “‘opposite’” to networks in the sense that
only two zeros (rather than two ones) appear in each
column. They noticed that several days-off scheduling
problems have unnetwork incidence matrices because
of the fact that employees generally work five days a
week and take two days off, and that each working day
corresponds to a 1 and each off-day corresponds to a 0
for the a;, elements in problem (1). They exploit this
structure by introducing a complementary problem to
(1) that seeks to maximize the number of workers that
may be given two consecutive days off during the week.

In a related work, Bartholdi et al. (1980) note that
several days-off scheduling problems have “row cir-
cular’”” matrices; that is, 0~1 matrices with the ones oc-
curring consecutively, where the first and last row en-
tries are considered consecutive. Two cases that belong
to this category are scheduling with two days off each
week, and scheduling with two pairs of consecutive days
off every two weeks with one of these pairs a weekend.
Through a change of variables, it is demonstrated that
the matrix of a row circular problem can be transformed
into a matrix with only two nonzero entries (either +1
or —1) in each but the last column y,. If y, is treated as
a parameter the optimal objective function z(y,) is
known to be piecewise convex, and hence a binary
search algorithm can be used effectively to bracket the
optimal solution.
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In a landmark paper, Burns and Carter (1985) con-
sider the following general conditions:

—demand 7, (t =1, 2, ..., 7) is variable each day;
—each employee is given at least A out of every B
weekends off;

—each employee works 5 out of 7 days; and

—each employee works at most 6 consecutive days;

and formulate three lower bounds. What is most im-
portant, though, is that they present a simple procedure
that always attains the highest of the three bounds, and
hence solves the problem optimally. Emmons and Burns
(1991) extended the approach to include hierarchical
labor categories, where workers in the higher categories
can substitute for those in the lower ones but not vice
versa, and where restrictions on the number of em-
ployees in each category are stipulated.

Bechtold (1988) addresses a variation of the days-off
scheduling problems characterized by multiple locations
and multiple objectives. In the model, employees at one
location can be transferred to work at other locations
on different days of the week. Objectives include min-
imizing idle time, minimizing the total number of em-
ployees, and minimizing the number of transfers during
the week. His approach consists of finding the minimal
workforce needed to meet the daily aggregate demand
across all locations. This value serves as input to a series
of models that are used to determine the actual assign-
ments and transfers.

2.2. The Shift Scheduling Problem
This problem is concerned with assigning employees to
shifts within a working day. Shifts can have different
starting and ending times, different durations particu-
larly when part-timers are allowed, and different break
configurations for lunch and resting. This means that
the “nice’” matrix structures encountered in the days-
off scheduling problem are absent. Because of this dif-
ficulty, heuristics have been used extensively. The two
most common approaches are (1) LP roundoff and (2)
decomposition, where some of the constraints are re-
laxed to induce a special structure that makes the full
problem easier to solve. Exact optimization approaches
have also been used successfully to solve small to me-
dium sized problems.

Beginning with heuristics, Segal (1974) takes a de-
composition approach. He addresses the continuous
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