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Abstract

Grover's equation [L.K. Grover, Local search and the Iatalcture of eme NP-complete problems, Operations
Research Letters 12 (1992)] and, equivalently, the Laplacian equation [J.W. Barnes, S. Dokov, B. Dimova,
A. Sdomon, A theory of elementary landscapes, Applied Mathematics Letters 16 (2003)] define an elementary
landscape which has favorable properties for direct search methods. Dimova et al. [B. Dimova, J.W. Barnes,
E. Popova, Arbitrary elementary landscapes & AR(1) processes, Applied Mathematics Letters (in press)] prove
that the autocorrelation function associated with an arbitrary elementary landscape is consistent with an AR(1)
time series. In this work, we develop the characteristic landscape equation for AR(2) consistent landscapes and
show that they also possess favorable properties for direct search methods.
© 2005 Published by Elsevier Ltd
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1. Introduction

Barnes et al. 7] define a &ndscape for a combinatorial optimization problem (COP) as=
(X, f, N), whereX = [x;] is the finite solution spacef = [f ()] = [ f;] is the eal objective function
vector over allX, andV is the sarch neighborhood defined by a digraph where the nodes axg¢hX.
The neighborhood digraph has an associated adjacency matika;; | and transition matriX = [tjj ].
The transition matrix for arm step neighborhood is shown to B&. Foreachx; € X, anonzeroa;
designates; as a neighbor of; andtjj gives the probability of moving t&; in the next nove. For our
current purposes;j = a;j /dj whered; = Zvj ajj, the degree of node
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Kemeny and Snell4] definer = [xj] to be thesteady state vectaassociated withl' and show
thata = #'Tf = #’f is the expead value of f; for the discrete-tim Makov chain defined
by T. Define f, = [f(xj)) — «] = [f,i] to be thea-normalized objective function vector. Let
[z] = [fit —a] = [fsi.p] be the time series yielded from a random walk Hnas defined in]
stating atx;; i.e., thet-th normalized solutin visited in the generation of the time series has objective
functionz; = fu t). An aubregressive process of order 2, AR(2) (sBff¢r more detals), is defined
by the recurrence equation

Zt = $1zi-1 + $2zi—2 + & (1)

wherea; is a random deviate with mean 0. This follows directly from the fact tBéat;) = O for all t
anday =zt — ¢1z1-1 — P2zt 2.

Consider the temporally adjacent triplet, z;_1 andz_». By defnition, z_» = f,; for some x. For
such specified;_», thed; neighbors of; are thex; € A with valuesz_1 j. For a giverx; € \j, the
dj neighbors are thgy, € Nj with valuesz; x = fq k.

The remainder of the work is divided into four sections.Sedion 2, we develop aharacteristic
landscape equatiofor an AR(2) process and prove that any landscape that satisfies the characteristic
equation will possess an autocorrelation function consistent with an AR(2) proceSsction 3 we
investigate some prop@s of a landscape consistent with an AR(2) processSéttion 4 we develop a
characteristic landscape equatidor an AR(p) process. Finally, ilfsection 5we stde some onclusions
and indicate future research directions.

2. Thecharacteristic landscape equation for AR(2) process

Grover [1] defined elemetary landscapes and showed that such landscapes have properties favorable
for local search. Stadle6] showed hat if T is symmetric-rgular, thenl is elementary if andnly if a
univariate time series generated from a random wallC dg consistat with an autoregressive process
of order 1, i.e., an AR(1) process. Dimova et 8].ghowel thatall elementary landscapes are consistent
with an AR(J) process.

Proposition 1. If thetime series based on a random walk on the landscape is consistent wiiR#&p)
process, then the landscape satisfies the characteristic landscape eq@@fion$:T) fy = ¢2 f.

Proof. The proof proceeds in three steps:

1. first, the one-step neighborhood of a specific neighbor of solutiawhich is a specific neighbor of
Xi is consicgkred;

2. next, the results are expanded to consider all neighkpks, Vi ; and

3. third, all possible starting solutions, are ©nsidered.

Stepl: We are given a specific solutiomn, with associated objective function valag > = f,;. Consider
a ecific one-step neighbor &f, x; € NVj, with assocated objective function valug_1 ; = f, j. The
cadindity of NV isd;. With x; andx; fixed, we average Eql) over alldj neighbors ok; which yields
(readingk € N as *k such that € Nj")

Ztk Zt—1,j Zt-2 At k
G o) Tt g 2)
keNj kenj keNj ) kenj
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Observe that
Zi_1,j Zt_p
= AVg fox =T fa, > =f,; and Y ===y
keN dJ keN] keN dj KeN] dj
whereT;j is the j-th row of T. Substituting ths into Eq. @) we obtain
TJa_¢1faJ+¢2fa.+Z d i=1...,IXl,j:X; eM. ®3)
keN] J

Step2: Taking the average of EcB)(overthedi neighbors of;, i.e., over thexj € Vi, weobtain
1 At k,j .
72T a—¢1 > faj+¢z DIRTE 'y ¥ S i=LaaXe @)
' jeN d JeN jeM JEN kenj )
Observing thaté Yiew Tifa = T2fa, d_lizje/\/'i foj = Tifa, andd_lizje/\/'i foi = fqi, and
subdituting into Eq. @), yields

1 Ak, j
T fa—¢1T| a+¢2fa|+dl Z Z? (5)

jeN; keNj
Taking the expectation of Eg5) yields

TPty =¢1Tifo +d2foi,  i=1...,1X] 6)
Step 3:In matrix form, Eq. 6) can be writen asT2f, = ¢1T fy + ¢ f, OF
(T2 = 1T e = g2fe. O (7)

Eqg. (7) is thecharacteristic landscape equatidar an AR(2)process. lfp> = 0, Eq. (/) degerrates
to the classical Laplaan equation for an AR(1) process, i.e.¢if = 0 and if T is invertible. As shown
in [2], Eq. (7) may beexpressed a3 f, = ¢1f,. If G = T2 — 1T is a stoclstic matrix, then an
equivalent classical elementary landscape is present with associated Laplacian egtjation, f, .

Weinberger ¥] defines he sample autocrelation function of a time serieg,f,i], of length n
generated by a random walk aiv Dimova et al. B] show that the matrix form of the theoretical
autocorréation function forany £ is

fL I TS,

fo 10 T,
wherell is a dagonal matrix withll;j = 7; andw = [xj] is the steady sta vector (see§] for detals)
associated witf .

pr(S) = 8

Proposition 2. If the landscape satisfies the equatidff — ¢1T) f, = ¢ f,, then he time series based
on a random walk on this landscape is consistent witiA&{2) process.

Proof. Using the Box and Jenkin®] approach to analyze a time series, we will prove that behavior of
the theoretical autocorrelation functigr (s) of such a tine series is condisnt with the autocorrelation
function of an AR(2) process.

Eg. (7) canbewritten in the form

T2 fa = ¢1T foz + ¢2 fa- (9)
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Further, following Kemeny and Snel], we note thatT® = I, whichyields
f ITOf
Pz (0) fo/gH f,

Premutiplying Eq. @) by T~ and substituting yields
(Tl foll¢1te+ 0T,

Pr (1) = fo/[H fa = fo/{H foz = ¢10x (O) + @207 (_1) (10)
Similarly,
frIT2f, £ I(p1Tf, + ¢of,
pr(2) = 2 _ Lol 9210 _ 4 o (1) + 9201 (0). (11)

frif, oI £,
The general relation is obtad ty premuliplying Eq. ©) by T"~2 and substiiting T" f, into
Eqg. @). This yields the recurrent foula for the autocorrelation function of such landscape,
px(N) = $102(N — 1) + P20, (N — 2).
Observing thap, (—n) = p; (n), the similtaneous solution of Eqs.10) and (1) yields
) = - and  pr(2) =2+ #
1-¢2 1-¢2
which corresponds to the classical autocorrelation function of an AR(2) prdgess [J

3. Propertiesof an AR(2) landscape

This section investigates the structure of an AR(2) landscape from the perspective of local minima
using Eqg. 7). Depending on the values of the coefficieris and¢,, an AR(2)process can be:

(a) stationary — the roots of its characteristic equatie outside the unit circle; this is equivalent to
requiring thatps + g2 < L, pp —p1 < 1, —1 < ¢ < 1,

(b) non-stationary — the roots of its characteristic equation lie on the unit circle, and

(c) explosive — the roots of its characteristic equation lie inside the unit circle.

In the context of this work, cases (b) and (c) cannot occur becXuisefinite and the directly related
finite state Markov chain is used to generate the associated time series.

3.1. An upper bound for local minima for the two-step neighborhood

Consider a landscapé consistent with an AR(2) process. For any two-step neighborhood local
minimum, X",
Ti2 foc - ¢1TI fa = @2 f;* (12)

The average of all two-step neighbors)gf, Avg, 2 fo k equaIsTiZfo,. Since f " is less than or
equal to the objective function value for any two-step neighbor,

fai < T fa- (13)
Egs. 12 and @3) imply that f /7 — ¢1Ti fo < ¢2 f;7 which yields
(1— ¢2) £ < $1Ti fo.
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Since 1— ¢» > 0 (i.e.the process is stationary),
$1

—¢2
Hencef " is bounded above by, (1) T f, which is equivalent to the autocorrelation at lag 1 times
the average objective function value for the one-step neighborg of

for <

Ti fq. (14)

3.2. An upper bound for local minima for the one-step neighborhood

For an AR(2) ladscape, the set of all one-step local minima,x¢hefall into two subsetsM, where
the x;* arealsotwo-steplocal minima andV; where thex* arenottwo-step l@al minima.
We first onsiderM,. Any x* € My satisfies Eq.X2) and the bllowing relations also hold:

foi < Tifs (15)
fo < T2fq. (16)
By Eq. (14), i < 12 Ti fo.

We must on5|der two casegi; > 0 andgy < 0.

- If ¢1 = 0, mutiplying Eq. 15) by —¢1 and addingTZf to both sides yieIdsT fo —@1f) >
T.2fy — ¢1T; fo. Since, by EQ. 12), T2 fy — ¢1T; fo = @2 f%, this implies(¢1 + ¢2) £ < T2 f,.
This leads to the following two subcases where we assumeTﬁ'lta,t < 0 (if T2f > 0, there
appear to be no additional meaningful conclusions that can be drawn):
O Ifp1+¢2>0 andTiZfa <0, f;; =0andf* < «, i.e., arbitrarily poor local optima of class
cannot exist.
(i)If p1+¢2 <0 andTiZfa < 0, f*. > 0. However, in this case, EqL®) requires thatf;; < 0.

A

Thereforef;; =0 or f* =«a. ThIS implies that alx; € Mz have f* = a.
- If ¢1 < 0, mutiplying Eq. (15) by - ylelds - 'I'I fo < 1?—;)2 fo;- This resilt joined with Eq. (4)
implies f; < 1%2 f,; which directly ylelds(l ¢1 $2) fy; <0.Since(l—¢1—¢2) >0, f7; <0
and fi* < a, i.e., arbitrarily poor local optima of cladd, cannot exist.

Let us now consideM;. Any x* € My with value f; satisfies Eqs.9) and (L5).

- If ¢1 > 0, the analysis is identical to that for the case wheres M, and the same conclusion is
reached.

-If 1 < 0and g1 + ¢2 < 0, multiplying Eq. (L5) by —¢; and addingTzf to both sides yields
T2fy — ¢1fl < T2f, — ¢1Tifo = ¢2f which implies f < ¢i¢ T.2fy. If the two-step
neighborhood averag'e"-,2 fe, isnonnegativefy, < Oandf* < «, f* < «, i.e., arbitrarily poor
local optima of clas$/1 cannot exist.

- If ¢1 < 0and¢1 + ¢ > O itis easily shown thaf}, > - i¢> T.2 fy. If the two-step neighborhood

avelge, T fo, isnonnegative, ther;; > 0 andf* > «. A landscape, with rgpect to the seMy, is
not favorable‘or direct search methods

We now simmarize the above results for all one-step local minimaxth&our cases exist:

Q) If 1 = 0,01 + ¢p2 > 0O, andTi2 fo < Oforall x € M1 U My, thenf* < «, i.e., no arbitrarily poor
one-step local minima can exist.
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(2) If 1 > 0,1 + @2 < O, andTi2 fo < Oforall x € M1 U My, then everyone-step local minimum
hasf* = «, i.e., the global minimum isx.

B)If¢p1 <0,91+ @2 < 0, andTi2 fo > 0 forall x* e My, then no arbitrarily poor one-step local
minima,x* € M1 U My, can exst.

(4) If 1 < 0,1+ ¢2 > 0, andTi2 fo > Oforall x* € My, then arbitrarily poor local minima* € My,
will exist (f* will exceedx for one or more) and the ladscape is not favorable for a local search.

4. The characteristic landscape equation for AR(p) landscapes

Here we extend the development of the characteristic landscape equation for AR(2) landscapes tc
AR(p) landscapes.

Proposition 3. If the time sries based on the random walk on the landscape is consistenARith)
process, then the landscape satisfies the equation

(TP — TP — TP 2 — . — g 1T fy = Gp fa.

Proof. The proof follows immediately by using the recurrence equation for thepARrocess
Zi=¢1zt 1+ P2zt 2+ -+ PpZip+ &

and applying the technique used in the prooPodposition 1 [

Proposition 4. If the landscape satisfies the equation
(TP =1 TP T — TP 2 — . — g T fu = pfa

then the time series based on a random walk on this landscape is consistent WifR(heprocess.

Proof. The proof follows directly from the proof d?roposition2 [

5. Conclusions and futureresearch directions
The primary contributions of this work are:

(1) devebping the characteristic landscape equation for AR(2) andp)Randscapes;

(2) proving that a landscapg£ satisfies the corresponding characteristic landscape equation éindgnd
if a univariate time series of,; generated from a random walk @his consistent with an ARp)
process;

(3) providing some additional landscapes, exclusive of elementary landscapes, which are favorable for
local searches.

Included in our immediate plans for future research are:

(1) investigating theroperties of the ARp) landscape whep > 2;
(2) devebping the characteristic landscape equations for other thagpAtRne series prcesses like
ARMA, ARIMA, MA.

Another possible area for future research would be to determine whether the hierarchical relationship
between the model satisfying the Laplacian equatibfy, = ¢1f,, and the mdel satisfying Eq. %)
could provide a more efficient computational method for computing the valugsarides,.



B. Dimova et al. / Applied Mathematics Lettai@un) nm—am 7
Acknowledgement

The research documented in this work was supported by a grant from the Air Force Office of
Sponsored Research.

References

[1] L.K. Grover, Local search and the local structure of some NP-complete problems, Operations Research Letters 12 (1992).

[2] J.W. Barnes, SDokov, B. Dimova, A. Solomon, A thery of elementary landscapes, Applied Mathematics Letters 16
(2003).

[3] B. Dimova, J.W. Barnes, E. Popova, Arbitrary elementary landscapes & AR(1) processes, Applied Mathematics Letters
(in press).

[4] J.G. Kemeny, J.L. Snell, Finite Markov Chains, D. Van Nostrand Co., Inc., Princeton, NJ, 1960.

[5] G.E.P.Box, G.M. Jenkins, Time Series Analysis, Holden-Day, San Francisco, CA, 1976.

[6] P.F. Stadler, Landscapes and their correlation functions, Journal of Mathematical Chemistry 20 (1996).

[7] E. Weinberger, Correlated and uncorrelated fitness landscapes and how to tell the difference, Biological Cybernetics 63
(1990).

[8] S. Ross, ProHaility Models, Acagmic Press, 1997.



	The characteristic landscape equation for an AR(2) landscape
	Introduction
	The characteristic landscape equation for AR(2) process
	Properties of an AR(2) landscape
	An upper bound for local minima for the two-step neighborhood
	An upper bound for local minima for the one-step neighborhood

	The characteristic landscape equation for  AR (p)  landscapes
	Conclusions and future research directions
	Acknowledgement
	References


