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5.2 Shortest Path Problem

The problem investigated in this section is one of finding the collection of arcs (or path) that
comprises the shortest path from a specified node s, called the source, to a second specified
nodet, called the destination. Figure 11 shows atypical network wheres=1andt = 10.
The parameter on the arcsis enclosed in parenthesis and representsitslength. Each arcis

numbered sequentialy.
A closely related problem, which we aso consider, finds the set of shortest

paths from the source node to al other nodesin the network. This shortest path tree
problemis solved with very little additional difficulty. Figure 12 shows the shortest path
tree with the source at node 1.
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Figure 12. Shortest path tree rooted at node 1

In the following sections, we present two algorithms for the shortest
path problem. Thefirst isagreedy approach that was developed by
Dijkstraand yields the optimal solution when all arc lengths are positive.
If some lengths are negative but no negative cycles exist, aprimal
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simplex solution algorithm may be used. Thisisthe second approach
discussed.

Dijkstra's Algorithm

When all arc lengths are nonnegative, asin Fig. 11, an efficient greedy
algorithm can solve the shortest path problem. Starting with the source
node alone, the algorithm finds the shortest path from the source node to
one additional node in each subsequent iteration. The procedure
requiresm - 1 iterations to find the shortest path tree.

The algorithm uses aset S, called the set of solved nodes. This
set includes the nodes for which the shortest path has already been de-
termined at the current point in the algorithm. The unsolved nodes are
thenodesnot in S, defined astheset S . Whileiterating, the algorithm
assigns the numbers pj to each node in the network, where p;j isthe
length of the shortest path to node i from the source node s through the
members of S. Note that the p-values are equivaent to the dud
variables associated with the mathematical programming formulation of
the problem. At the end of the algorithm pj isthe length of the shortest
path to nodei. Inthefollowing M isthe set of al arcs.

Algorithm

Initidly, let S={s}, ps= 0.
Repeat until Sisthe set of all nodes:

Find an arck(i, j) that passes from a solved node to an unsolved
node such that:

k(i, j) = argmin{p;. + g : K(i",j)T M,i'T S,j'T S}

Add nodej and arck to thetree. Add nodej to the solved set S.
Letp; =p; + G

At each iteration the algorithm computes the length of the path to every
unsolved node through only solved nodes. The unsolved node with the
shortest path length is added to the solved set. The process terminates
when a spanning tree is obtained. Since anode is added to the tree at
each step the algorithm requires m — 1 iterations. The algorithm works
because of the assumption of nonnegative arc lengths.

Example

Consider the network in Fig. 11. The problem isto find the shortest
path tree rooted at node 1. For hand computations, the algorithm is
easily accomplished on the figure describing the problem. Figure 13
shows the intermediate situation with five nodes assigned to the tree, S
={1, 3,4, 6, 2} witharcs{2, 3, 6, 7} (note that the order of the items
in the sets shows the order in which they were added in the agorithm).
The bold numbers in brackets indicate the values of p associated with
thenodesintheset S. For example, the shortest path to node 6 is 10.
The bracketed numbers on the nodesin S show the length of the
shortest paths to unsolved nodes passing through only nodesin S. For
example, the shortest path passing through Sto node 8 is 14. The
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algorithm now selects the arc and node associated with the smallest p;
valuefori | S . Inreduced terms, the choiceis min{18, 22, 14, 1§}
=13 so hode 9 and arc 14 join the tree.
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Figure 13. Intermediate point in Dijkstras Algorithmwith S= {1, 3, 4, 6, 2}

Tabular Implementation

An alternative statement of the algorithm constructs atable with seven
columns.

Initialization: Leth=1andlet sbetheoriginnode. LetS ={s}, let
ps:0.

Interative step: Repeat until al nodesareintheset S

a. Addtothetable
Column 1: Show thevalue of h. At any step, histhe number
of nodesin theS.
Column 2: List the membersof S (the solved set) that have at
|east one arc connected to an unsolved node.
Column 3:  For each node listed in column 2, find the closest
unsolved node.
Column 4. Leti betheindex of the node listed in column 2, let
be the index of the node listed in column 3, and let k bethein-
dex of the arc connecting nodesi and j. Compute for each case

Pj' = Pi + -

Show these numbers in column 4.
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Column 5: Select the smallest number in column 4. Leti bethe
node in column 2 and j the node in column 3 from which this
number was computed. Show nodej in column 5.
Column 6: Show the length of the shortest path to the node
added. Thisisthe minimum obtained from column 4.
Column 7: Show thearck(i, j). Add nodej and arck to the
shortest path tree.
b. Add nodej to S. Let pj =pj'.
The steps of the algorithm for the example of Fig. 11 are shown
in Table 3. The optimal treeisdisplayed in Fig. 12.
Table 3. Shortest path computations for network in Fig. 11
Length of path Node Length of
Solved | Closest un- to unsolved added to shortest | Arc added
h | nodes | solved node node solved set path totree
1 1 3 8 3 8 2
2 1 4 10
3 6 10 4 10 3
3 1 2 40
3 6 10
4 6 11 6 10 6
4 1 2 40
3 2 12
6 9 13 2 12 7
5 2 5 18
6 9 13 9 13 14
6 2 5 18
6 8 14
9 10 15 8 14 13
7 2 5 18
8 5 14
9 10 15 5 14 17
8 2 7 22
5 7 18
8 10 34
9 10 15 10 15 20
9 2 7 22
5 7 18 7 18 11

Primal Simplex Algorithm

The prima simplex algorithm can also be used to solve the shortest path
tree problem but is not limited to the case of all nonnegative arc lengths.
It required, however, that there exist no directed cycles with negative
total length. If such acycle were present, the smplex agorithm would
yield an unbounded solution.
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The agorithm described below is a variant on the pure network
flow programming a gorithm discussed in Section 5.4 of this chapter.
Aswith all smplex-based procedures, the optimal solution to the
shortest path problem is abasic solution. The agorithm for the shortest
path problem makes use of the critical property that any collection of
arcs that forms a spanning tree is a basic solution.

Algorithm

1. Start with abasis described by the arcs of a spanning tree.
Assign the dual value ps = 0.

2. Repeat until all margina costs are nonnegative:
a. Compute the dual valuesfor al nodes but the source node s such
thatif arck(i, j) isinthe basis
Pj = Pi + &.
b. Compute the marginal costs, dk, for each nonbasic arc k(i, j),
where

dk = pi + &k — ;-

c. Select some nonbasic arc for which dg < 0 and call it the entering
arc. Theleaving arcisthearcinthetreethat currently enters
nodej.

d. Changethe basis by removing the leaving arc from the tree and
adding the entering arc. Compute the dual solution associated
with the new basis.

Example

We use the example problem in Fig. 11 to illustrate the computations but
assume arc 4(2, 7) has length —10 rather than 10. The arcs shown in
Fig. 12 form theinitia basis. The node labelsin that figure are
equivalent to the values of p computed in Step 2a of the algorithm.
Withc, = 10, we compute for arc 4

dy=p,+c4—p;=12-10-18 = -6.

Becaused, is negative, we select arc 4 to enter the basis. According to
Step 2c of the algorithm the arc that currently enters node 7 must leave
the basis. We change the basis and obtain the new spanning tree in Fig.
14. The dual values are shown adjacent to the nodes.
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Figure 14. New basis after an iteration of the primal simplex agorithm

At the next iteration we find that arcs 15 and 16 are candidates to enter
the basis, so the solution in Fig. 14 is not optimal.
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